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ABSTRACT

Session types enable the static verification of message-passing pro-
grams. A session type specifies a channel’s protocol as sequences of
messages. Prior work established a minimality result: every process
typable with standard session types can be compiled down to a
process typable using minimal session types: session types without
the sequencing construct. This result justifies session types in terms
of themselves; it holds for a higher-order session 7-calculus, where
values are abstractions (functions from names to processes).

This paper establishes a new minimality result but now for the
session 7-calculus, the language in which values are names and for
which session types have been more widely studied. Remarkably,
this new minimality result can be obtained by composing known
results. We develop optimizations of our new minimality result,
and establish its static and dynamic correctness.
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1 INTRODUCTION

Session types are a type-based approach to statically ensure correct
message-passing programs [5, 6]. A session type stipulates the
sequence and payload of the messages exchanged along a channel.
In this paper, we investigate a minimal formulation of session types
for the n-calculus, the paradigmatic calculus of concurrency. This
elementary formulation is called minimal session types (MSTs).

The gap between standard and minimal session types concerns
sequentiality in types. Sequentiality, denoted by the action prefix ‘;’,
is arguably the most distinguishing construct of session types. For
instance, in the session type S =?(Int); ?(Int); !{Bool); end, this con-
struct conveniently specifies a channel protocol that first receives (?)
two integers, then sends (!) a Boolean, and finally ends.

Because sequentiality is so useful for protocol specification and
verification, a natural question is whether it could be recovered
by other means. To this end, Arslanagi¢ et al. [1] defined MSTs
as the sub-class of session types without the ‘;’ construct. They
established a minimality result: every well-typed session process
can be decomposed into a process typable with MSTs. Their result is
inspired by Parrow’s work on trios processes for the z-calculus [11].
The minimality result justifies session types in terms of themselves,
and shows that sequentiality in types is useful but not indispensable,
because it can be precisely mimicked by the process decomposition.

The minimality result in [1] holds for a higher-order process
calculus called HO, in which values are only abstractions (functions
from names to processes). HO does not include name passing nor
process recursion, but it can encode them precisely [8, 10]. An

Anda-Amelia Palamariuc
University of Groningen
The Netherlands

Jorge A. Pérez
University of Groningen and CWI
The Netherlands

important question left open in [1] is whether the minimality result
holds for the session 7-calculus (dubbed x), the language in which
values are names and for which session types have been more
widely studied from foundational and practical perspectives.

In this paper, we positively answer this question. Our approach
is simple, perhaps even deceptively so. In order to establish the
minimality result for 7, we compose the decomposition in [1] with
the mutual encodings between HO and « given in [8, 10].

Let pmr and pHO denote the pro-
cess languages 7 and HO with
MSTs (rather than with standard : :
session types). Also, let D(-) de- 15 ARk
note the decomposition function v
from HO to pyHO defined in [1]. HO D()> ;IHO
Kouzapas et al. [8, 10] gave typed
encodings from 7z to HO (denoted
[- ];) and from HO to & (denoted
[-1?). Therefore, given D(-), [ - ]]; ,
and [ - ]]2, to define a decomposition function 7 ( - ) : &1 — pr, it
suffices to follow Figure 1. This is sound for our purposes, because
-1 ; and [ - ]2 preserve sequentiality in processes and their types.

The first contribution of this paper is the decomposition func-
tion 7 ( - ), whose correctness follows from that of its constituent
functions. 7 ( - ) is significant, as it provides an elegant, positive
answer to the question of whether the minimality result in [1] holds
for 7. Indeed, it proves that the values exchanged do not influence
sequentiality in session types: the minimality result of [1] is not
specific to the abstraction-passing language HO.

However, 7 ( - ) is not entirely satisfactory. A side effect of
composing D(+), [[]]; ,and [-]? is that the resulting decomposition
of 7 into pr is inefficient, as it includes redundant synchronizations.
These shortcomings are particularly noticeable in the treatment
of recursive processes. The second contribution of this paper is an
optimized variant of 7 ( - ), dubbed #*( - ), in which we remove
redundant synchronizations and target recursive processes and
variables directly, exploiting the fact that & supports recursion
natively.

T — HTT
. T() A

Figure 1: Decomposi-
tion by composition.

Contributions. The main contributions of this paper are:

(1) A minimality result for s, based on the function 7 ( - ).
(2) F7(-), an optimized variant of ¥ ( - ), without redundant
communications and with native support for recursion.

(3) Examples for 7 (- ) and F*( -).

Due to space limits, omitted material (definitions, correctness proofs
for #( -) and ¥7( - ), additional examples) can be found in the
appendices. Throughout the paper, we use red and blue colors
to distinguish elements of the first and second decompositions,
respectively.
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Figure 2: Syntax of HOzx. The sub-language HO lacks

shaded constructs, while 7 lacks constructs.

2 PRELIMINARIES

HO and 7 are actually sub-languages of HOx [9, 10], for which we
recall its syntax, semantics, and session type system. We also recall
the mutual encodings between HO and 7 (8, 10]. Finally, we briefly
discuss MSTs for HO, and the minimality result in [1].

2.1 HOzx (and its Sub-languages HO and )

Fig. 2 gives the syntax of processes P, Q, ..., values V, W, ..., and
conventions for names. Identifiers a, b, c, ... denote shared names,
while s, s, ... are used for session names. Duality is defined only on
session names, thus 5= s, but @ = a. Names (shared or sessions) are
denoted by m,n...,and x,y, z, . .. range over variables. We write X
to denote a tuple (x1, ..., x,), and use € to denote the empty tuple.

An abstraction Ax. P binds x to its body P. In processes, sequenc-
ing is specified via prefixes. The output prefix, u!(V').P, sends value
V on name u, then continues as P. Its dual is the input prefix,
u?(x).P, in which variable x is bound. Parallel composition, P | Q,
reflects the combined behaviour of two processes running simul-
taneously. Restriction (v n)P binds the endpoints n, 7 in process P.
Process 0 denotes inaction. Recursive variables and recursive pro-
cesses are denoted X and pX.P, respectively. Replication is denoted
by the shorthand notation * P, which stands for pX.(P | X).

The sets of free variables, sessions, and names of a process are
denoted fv(P), fs(P), and fn(P). A process P is closed if fv(P) = 0.
We write u!<>.P and u?().P when the communication objects are
not relevant. Also, we omit trailing occurrences of 0.

As Fig. 2 details, the sub-languages 7 and HO of HOx differ
as follows: application Vu is only present in HO; constructs for
recursion pX.P are present in 7 but not in HO.

The operational semantics of HOx, enclosed in Figure 3, is
expressed through a reduction relation, denoted —. Reduction is
closed under structural congruence, =, which identifies equivalent
processes from a structural perspective. We write P{V/x} to denote
the capture-avoiding substitution of variable x with value V in P. We
write ‘{}’ to denote the empty substitution. In Figure 3, Rule [App]
denotes application, which only concerns names. Rule [Pass] de-
fines a shared or session interaction on channel n’s endpoints. The
remaining rules are standard.

2.2 Session Types for HOx

Fig. 4 (top) gives the syntax of types. Value types U include the
first-order types C and the higher-order types L. Session types are
denoted with S and shared types with (S) and (L). We write ¢ to

(Ax. P)u — P{%/x} [App]

ni(V).P | n?(x).Q — P | Q{V/x} [Pass]
P— P = (va)P — (vn)P’ [Res]
P—P =P|Q—P|Q [Par]
P=Q—Q =P =P—P [Cong]

Py |P,=P; | Pyt Pi|(P2|P3)=(P1|P2)]|Ps3
Plo=P P|(vn)Q=(vn)(P|Q) (n¢fn(P))
P=QifP=4Q

(vn)o=0 uX.P = P{pX.P/x}

Figure 3: Operational Semantics of HOx.

U:=C | L C =8| (S) | (L)

L w=U—-o | U—oo S z=KU)S | 2(U);S
| pt.S | t | end

Uuw=Coo | Coo Cu=M| (U)

y s=end | t M =y | XUy | 2(U);y | ptM

Figure 4: STs for HOx (top) and MSTs for HO (bottom).

denote the process type. The functional types U — ¢ and U —o ¢ de-
note shared and linear higher-order types, respectively. The output
type (U); S is assigned to a name that first sends a value of type U
and then follows the type described by S. Dually, ?(U); S denotes
an input type. Type end is the termination type. We assume the
recursive type ut.S is guarded, i.e., the type variable t only appears
under prefixes. This way, e.g., the type pt.t is not allowed. The sets
of free/bound variables of a type S are defined as usual; the sole
binder is pt.S. Closed session types do not have free type variables.

Session types for HO exclude C from value types U; session
types for 7 exclude L from value types U and (L) from C.

We write S; dual S if S7 is the dual of Sy. Intuitively, duality
converts ! into ? (and vice-versa). This intuitive definition is enough
for our purposes; the formal definition is co-inductive, see [9, 10].
Typing environments are defined below:

IF =0 | Tx:U—-o | LLu:(S) | T,bu:(L) | T,X:A
A =0 | Ax:U—oo AN :x=0| Au:S

T, A, and A satisfy different structural principles. I' maps variables
and shared names to value types, and recursive variables to session
environments; it admits weakening, contraction, and exchange
principles. While A maps variables to linear higher-order types, A
maps session names to session types. Both A and A are only subject
to exchange. The domains of T', A and A (denoted dom(T'), dom(A),
and dom(A)) are assumed pairwise distinct.

Given I', we write I'\x to denote the environment obtained from
I' by removing the assignment x : U — ¢, for some U. This notation
applies similarly to A and A; we write A\A’ (and A\A’) with the
expected meaning. Notation A; - A2 means the disjoint union of Aq
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and Ay. We define typing judgements for values V and processes P:
ANV U I'A;AEP>o0

The judgement on the left says that under environments T', A, and
A value V has type U; the judgement on the right says that under
environments I', A, and A process P has the process type ¢. The
typing rules are presented in Appendix B.1.

Type soundness for HOx relies on two auxiliary notions:

Definition 2.1 (Session Environments: Balanced/Reduction). Let A
be a session environment.

e Ais balanced if whenever s : S1,5 : So € A then S dual Ss.
e We define reduction — on session environments as:

A, s :U); 81,5 :2(U);S2 — A, s :51,5: S

THEOREM 2.2 (TYPE SOUNDNESS [9]). SupposeT;0; A + P> o with
A balanced. Then P — P’ impliesT;0; A’ + P’ >0 and A = A’ or
A — A with A’ balanced.

2.3 Mutual Encodings between 7 and HO

The encodings [[]]; :m — HOand [-]? : HO — 7 are typed:
each consists of a translation on processes and a translation on
types. This way, { - )! translates types for first-order processes into
types for higher-order processes, while { - )2 operates in the oppo-
site direction—see Figures 5 and 6, respectively. Remarkably, these
translations on processes and types do not alter their sequentiality.

From & to HO. To mimic the sending of name w, the encoding
[- ]]; encloses w within the body of an input-guarded abstraction.
The corresponding input process receives this higher-order value,
applies it on a restricted session, and sends the encoded continua-
tion through the session’s dual.

Several auxiliary notions are used to encode recursive processes;
we describe them intuitively (see [10] for full details). The key idea
is to encode recursive processes in 7 using a “duplicator” process in
HO, circumventing linearity by replacing free names with variables.
The parameter g is a map from process variables to sequences of
name variables. Also, |-| maps sequences of session names into
sequences of variables, and [[ . JJQ) maps processes with free names
to processes without free names (but with free variables instead).

The encoding { - )! depends on the auxiliary function L : Jl,
defined on value types. Following the encoding on processes, this
mapping on values takes a first-order value type and encodes it
into a linear higher-order value type, which encloses an input
type that expects to receive another higher-order type. Notice how
the innermost higher-order value type is either shared or linear,
following the nature of the given type.

FromHO to . The encoding [-]? simulates higher-order commu-
nication using first-order constructs, following Sangiorgi [12]. The
idea is to use trigger names, which point towards copies of input-
guarded server processes that should be activated. The encoding of
abstraction sending distinguishes two cases: if the abstraction body
does not contain any free session names (which are linear), then the
server can be replicated. Otherwise, if the value contains session
names then its corresponding server name must be used exactly
once. The encoding of abstraction receiving proceeds inductively,
noticing that the variable is now a placeholder for a first-order

Terms:
[uatw).PTL € ut(iz. 22(0).(x w)).[P1}
[u2(x:0).01} “E w2(y).(vs) (ys|51x. [Q]1).0)
171 Qly € [Pl | [0l
[(vmP]} vn)ﬂpug
[[Oﬂl def
[uX.P]} def (Vs)(s'< ).0 | s?(zx).[[P]];,{X_)ﬁ})
where (i = fn(P))
V= A0l y). y2(zx)- LT} (x—iy Lo
IXT} °E (vs)(ax (ys) 151(zx).0) (i = 9(X))
Types:
1 def 1
15" %€ (2(¢S)! —o); end) <o
1)) E (2(((S)") > 0);end) o
UYL U]ty (sy!
W) L 2([u ] (s)!
(N syt

{end)? def end (t

(ut.s) L pgs)y?
>1 dezf" t

Figure 5: Typed encoding of x into HO, selection from [10].
Above, fn(P) is a lexicographically ordered sequence of free
names in P. Maps | - | and ”_ . J]U are in Def. B.2 and Fig. 17.

Terms:
[u!(Ax. 0).P]? °&

(va)(ula).([P]* | * a?(y)-y?(x).[Q]%) if fs(Q) =0
(va)(u{a).([P]* | a2(y).y?(x).[Q]%))

otherwise

[u?(x).P]> °Z w2(x).[P]?
[xu]? aef (vs)(x!(s).5%u).0)

[(x. P) u]? °C (vs)(s2(x).[P]? | 5:u).0)
Types:

(1(S 0 0):81)% “Z 1{(2((8)2); end) ); (51>
(2(S—00):S1)% ‘L 2((2((8)%); end)); (51>

Figure 6: Typed encoding of HO into x [10].

name. The encoding of application is also in two cases; both of
them depend on the creation of a fresh session, which is used to
pass around the applied name.



2.4 Minimal Session Types for HO

The syntax of MSTs for HO is in Fig. 4 (bottom). We write pHO to
denote HO with MSTs. The decomposition D(-) in [1] relies cru-
cially on the ability of communicating tuples of values. Hence, value
types are of the form C— ¢ and C —o o. Similarly, minimal session
types for output and input are of the form !(U); end and ?(U); end:
they communicate tuples of values but lack a continuation.

Following Parrow [11], D(-) is defined in terms of a breakdown
function BJ’;( -), which translates a process into a composition of
trios processes (or simply trios). A trio is a process with exactly three
nested prefixes. If P is a sequential process with k nested actions,
then D(P) will contain k trios running in parallel: each trio in
D (P) will enact exactly one prefix from P; the breakdown function
must be carefully designed to ensure that trios trigger each other in
such a way that D (P) preserves the prefix sequencing in P. While
trios decompositions elegantly induce processes typable with MSTs,
they are not goal in themselves; rather, they offer one possible path
to better understand sequentiality in session types.

We use some useful terminology for trios [11]. The context of a
trio is a tuple of variables X, possibly empty, which makes variable
bindings explicit. We use a reserved set of propagator names (or
simply propagators), denoted by cg, cxy1, - - ., to carry contexts and
trigger the subsequent trio. Propagators with recursive types are
denoted by ¢}, ¢; . .... We say that a leading trio is the one that
receives a context, performs an action, and triggers the next trio; a
control trio only activates other trios.

The breakdown function works on both processes and values.
The breakdown of process P is denoted by B)]; (P), where k is the
index for the propagators ci, and X is the context to be received by
the previous trio. Similarly, the breakdown of a value V is denoted
by (V;f (V). Table 1 gives the breakdown function defined in [1] for
the sub-language of HO without recursion—this is the so-called
core fragment. In the figure, we include side conditions that use
the one-line conditional x = (c) ?s;1:5s2 to express that x = s; if
condition c is true, and x = s otherwise. Notice that for session
types we have either C = S or C = (S).

To formally define D(-) in terms of B)];( - ), we need some no-
tation. Let u = (a,b,s,s’,...) be a finite tuple of names. We shall
write init(%) to denote the tuple (ay, by, s1, si, ...). We say that a
process has been initialized if all of its names have some index.

Definition 2.3 (Decomposing Processes [1]). Let P be a closed HO
process such that u = fn(P). The decomposition of P, denoted D (P),
is defined as:

D(P) = (v©)(c1().0 | BE (Po))

where: k > 0;¢ = (¢, . . < Cht|P|-1); 0 = {init(#)/71}; and the break-
down function Bﬁ( . ), is as defined in Table 1.

Definition 2.4 (Decomposing Session Types). The decomposition
function on the types of Fig. 4, denoted G(-), is defined in Fig. 7.

As already mentioned, the minimality result in [1] is that if P is a
well-typed HO process then D(P) is a well-typed yHO process. It
attests that the sequentiality in the session types for P is appropri-
ately accommodated by the decomposition D(P). Its proof relies
on an auxiliary result establishing the typability of B)]; (P).
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HG(U));end if S = end
G (U));end,G(S) otherwise
?2(G(U));end if S = end
G(u):S) = {?(Q(U));end,g(S) otherwise
G(C—0) =G(C)—oo G(end) =end
G(C—0)=G(C)—>o GHU)) =(G(U))
G(S1,...,50) = G(51),....G(Sn)

G((U);S) = {

Figure 7: Decomposition of types (cf. Def. 2.4)

THEOREM 2.5 (MINIMALITY RESULT [1]). Let P be a closed HO
process with i = fn(P) and o = {init(@)/z}. IfT;0; A + P > o then

G(0);0;G(Ac) F D(P)>o

Having summarized the results on which our developments
stand, we now move on to establish the minimality result but for 7.

3 DECOMPOSE BY COMPOSITION

We define a decomposition function 7 () : 7 — p, given in terms
of a breakdown function denoted ﬂg (- )g (cf. Tab. 2). Following
Figure 1, this breakdown function will result from the composition
of[[-]]_}], Bl;() and [- 1% ie., _’7{)1;( g = [[B];([H];)]]z Using 7 (- ),
we obtain a minimality result for 7, given by Theorem 2.

3.1 KeyIdea

Conceptually, 7 ( - ) can be obtained in two steps: first, the compo-
sition B)]:([[ -]5), which returns a process in xHO; second, a step
that transforms that gHO process into a uz process using [ - 2. We
illustrate these two steps for output and input processes.

Output Let us write A’ fc (+)g to denote the (partial) composition
involved in the first step. Given P = u;!{w;).Q, we first obtain:

A (il (w)).0) g = e 2(X).ui (W) Tz () | A'K3(Q0)
where o = (u; : S) ? {#i+1/u;}: {} and
W =2zt (GO | era1?0-212() Teaz ) | cpaa?(x)-(x W)
We have that :ﬂ’]; (ui!{w;).Q)q is a process in yHO. The second
step uses [ - ]2 to convert it into the following pr process:

— ak+3(

Ck?(})~(Va)(ui!<a>~(ck+3!<ﬂ | ](5: (Qo)g |

a?(y).y?(z1)-Cpe1€21) | cx17(21).217(x) Cpr2 (%) |
Chera (). (v s) (x!(s).31(W))))

The subprocess mimicking the output action on u; is guarded
by an input on cg. Then, the output of w on u; action is delegated
to a different channel through several redirections: first a private
name a is sent, then along a name for z; is received and so on; until,
finally, the breakdown of w is sent on name s;. These names are
propagated through local trios. We can see that upon action on u;
unmodified context X is sent to breakdown of continuation Q.

We say names typed with tail-recursive type are recursive names.
Another form of output is when both u; and w; are recursive. This
case is similar to the one just discussed, and omitted from Tab. 2.
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P B (P)
_ V= (Vé“'l(V(r)
w(V)Q | ek?®aul(V)-Tn!(@) | 85 Qo) g=fuV)  Z=fuQ)
I=1V| o = next(u;)
W) | 2@y | B4 (Qo) e
Vi e ?(®).VE (V) m b iv(v) m = (uis - Uig|G ()] -1)
. ’ <. k(p’ 5= (81,...,S‘g(c)‘)
(vs:C)P (vs: G(0) BE(P'o) o= (Co 97 [SFss): (s} F= Fu(P)
QIR ¢k ? (%) 1 ) Chri11(2) | BSH (Q) | B5*1(R) y=fv(Q) z=fv(R) I=]0Q|
0 c?().0
14 VE(V)
Y y
— _ k )Zz fv(V)
Au:C™.P 27. (vo) (e (x) | BE(P{y1/y})) 7= Y60
€= (=) ?(Cks- - Cht|P|-1): €

Table 1: The breakdown function for HO processes and values (core fragment from [1]).

Cu= M| (M)
y == end | t
M =y | NOsy | 2Chy | ptM

Figure 8: Minimal Session Types for 7 (cf. Definition 3.1)

Input The breakdown of u;?(w).Q as follows:

ek ?(®).ui?(y) T (T y) |
(v 51) (k1 ?(Fo ) Cer () Cers () |
crra?().(vs) (ys) 5s1)) |
k3?(%).(va) (514a)- (Crarea' O | 144200 |
a2(y)).y 2 (). (Gra! ®) | AL (0{W/w}a)g))))

The activation on c enables the input on u;. After several redirec-
tions, the actual input of variables w is on a name received for y’,
which binds them in the decomposition of Q. Hence, context X does
not get extended for an inductive call: it only gets extended locally
(propagated by ck,1). Indeed, in the core fragment, the context is
always empty and propagators only enable subsequent actions. The
context does play a role in breaking down recursion: variables zx
(generated to encode recursion) get propagated as context.

3.2 Formal Definition
Definition 3.1 (Minimal Session Types, MSTs). Minimal session
types for  are defined in Figure 8.

The breakdown function ﬂg (- )g for all constructs of 7 is given
in Table 2, using the following definitions.

Definition 3.2 (Degree of a Process). The degree of a & process P,
denoted | P], is defined as:
Lui{w;).Q = | Q] +3
[ui?(x: C).Q1 = [Q] +5
[X]=4

L(vs:9)Q] = [Q] [0]=1

LQ|R[=1Q]+[R]+1
lpX.Q] = Q] +4

Definition 3.3 (Predicates on Types and Names). Let C be a session
type. We write tr(C) to indicate that C is a tail-recursive session
type. Also, given u : C, we write lin(u) if C = S and —tr(S).

Definition 3.4 (Subsequent index substitution). Let n; be an in-
dexed name. We define next(n;) = (1in(n;)) ? {"i+1/n;}: {}.

We define how to obtain MSTs for 7 from standard session types:

Definition 3.5 (Decomposing First-Order Types). The decompo-
sition function 7 ( - ) on finite types, obtained by combining the
mappings (- ), G(-), and (- )?, is defined in Fig. 9 (top, where omit-
ted cases are defined homomorphically). It is extended to account
for recursive session types in Fig. 9 (center).

The auxiliary function R’ (), given in Fig. 9 (bottom), is used
in Tab. 2 to decompose guarded tail-recursive types: it skips session
prefixes until a type of form pt.S is encountered; when that occurs,
the recursive type is decomposed using R’( - ).

We are finally ready to define the decomposition function 7 ( - ),
the analog of Definition 2.3 but for processes in 7:

Definition 3.6 (Process Decomposition). Let P be a closed i process
with u = fn(P) and o = rn(P). Given the breakdown function
/(f(( “)gin Table 2, the decomposition 7 (P) is defined as:

F(P) = (VE)(VE,)(HP’ | 5100 | AK (Pa)y)

reo
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P Ak (p),
0 ?(%).(va) (ui!(a). (3! (%) | AR (o) | wj: C
ui'(w;).Q a?(y).y?(z1).C1€21) | cia1?(21).217(X) Chepg 1 {x) | W= (W), Wik 2((C)|-1)
Chra (). (v s) (x!1{s) 3{W)))) o = next(u;)
ek ? (). ui?(y)-Cre1 1, y) |
(Vsl)(ck+1?(f) Y)-Crr2 (1) -Cra3 (X)) | w:C
o ck+2?(y)-(Vs)(y!<5>~§!<51>) | _ w= (W],...,WW,(('C”)
w?(w).Q s ?(®). (v @) (5T@). (g ) | cketra?0.0 | Oz ) 1= 0]
vzhere: o = next(u;)
Oz = a2(y).y"2(W). (Gera B | AL (Q{Wy/ o) g)
cr?(x).(v al)cr!(al),(?(§+3 (P)g | a1?(y1).y17(2).W) r:SAtH(S)
where: -
ri!<Wj>.P W= (Vaz)(Zf(s)!(az).(0k+3!<f>_cr?(b).(vs)(b!(s).gl(i)) | ;; EZ;,C;CZ\’/;/ (5)\)
a2?(y2).y22(2])- (Cr11() | W C/\?'; =+(2w WO )
01e1?0.21200) G2k 0) | 20005 (16") 516)))) oo WA
ck?(%)-(var) (¢ Kar). ((vs1) (exs1? () Chaz YD Car310) |
2 (). (vs) (y!s) 52s1)) | r:SAtr(S)
2 (w).P cke3?0.(vaz) (s14a2). (Crrzal O | crsra?()-0 ] ’ Z= (21, 2jp* (s)))
T a2?(y2)-y22(W). (g (%) | AL (P{W/w})g))) | I=[P]
a1?(y1)-y1?(2).zf(s)?(y)- w:CAW=(Wi,...,w2(C)])
Cer1 1 (y).c"2(b).(vs") (b(s").51(z)))))
(vs:C)P’ (vs:H(O)) JZ{E (P'o)g 5= (st 8190)) 0 = {51955}
~ N tr(ut.S) o = {nn/rr}
(vroptSP | (vF:R(S)) c"2(b).(vs') (BUS').S'FY) | " 2(b).(vs') (bIs").3"1(r)) | J)‘(if((P'a)g F=(r,...rris))
F=(Fre o Fire(s)))
Q01102 ek (%) Tt 0D Treatan (2) | AR (Q1)g | AL (Q2)g 7=fv(Q1) Z=fv(Q) I=1Q]
0 c?().0
(v51) (cx () Cpea1 {F) a3 (XD | n=fn(P)
Crr1?(%).(var) (s1!4a1). (a2 | 2200 | m = |n]
Cey3? (%) 517 (2x) Cers (X, 22) | =1 = (nall, - - -, Inml)
p :ﬂgfz‘i (P)g x—iy | R ie{l,...,m}.
a *ar?(y).y 2(1R', o 7] 1) P ) Imill = Si ,.
where: In*| = ("”1"""’"”|'/~(('s,-)|")
P = (vO)(o<igm " 2(0).(vs") (b)) KIA)) | Tz () €= (o e YL T40)
Cha2?(X).y1? (2x) Cha3 (X, 2x) | [[71)’?2 (P)g x—iylaz) & = Upen c®
i — - _ n=g(X)
(V51)(ck?(zx)~ck+1!<Zx>~ck+2!<zx> | cra2?(2x).5142x) €131 ) | cx1370).0 7] = j
X k1 ?(zx).(var) (™ ar).(a1?(y1).y12(z1). ... (va;)Q))) ie{l,...,j}
where: ) _ Sy = _ ni: S Atr(S;)
Q = (¢ a;).(a;?(y;).y;2(zZ)-(vs') (zx{s').51z1, . . s Zj,51)))) Gi=(z,... 7 )
' PR (S|

Table 2: Decompose by composition: Breakdown function 7(5(( - )¢ for 7 processes (cf. Definition 3.6).

where: k > 0,C= (ck, ..., Cky | pl-1): & = Upeg ¢ 0 = {init(@)/z};
P =c"2(b).(vs)(b(s).51(r)) with r : Sand 7 =r1,...,71g(s)|-

3.3 Examples

Example 3.7 (A Process with Delegation). Consider a process P
that implements channels w (with type T =?(Int); !(Bool); end) and

u (with type S =I(T); end):
P=(vu:S)(ul{w).w?(t).w!{odd(£)).0 | u?(x).x!(5).x?(b).0)

B

By Def. 3.2, | P| = 25. Then, the decomposition of P into a collection
of first-order processes typed with minimal session types is:

F(P) = (ver,...,e25) (@100 | (vu) AL((A | B)o')),
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H(S)) = (H(S))

M if $’ = end
HUS):S) = 7= en
M, H(S’) otherwise

where M =!{(?(?((?(#{(S)); end)); end); end) ); end
Hesys =M " = end
M, H(S’) otherwise

where M =?({?(?({?(H(S)); end)); end); end)); end
H (end) = end

H(Sy,...,S,) = '/'{(51), .. .,'H(Sn)
H(pt.S) = R'(S) if pt.S i.s tail-recursive
ut.H(S) otherwise

R(1S); ") = pt.1{((2(2((2(H(S)); end)); end); end) ); t, R"(S”)
R'(2(8);S7) = pt.2((2(?2({?(H (S)); end)); end); end)); t, R (S7)
H) =t R'(tH)=e
RIZ(2S); S ) =RF(S) RTUS)S ) =RT(S)
R'*(ut.S) = R"*(S)

Figure 9: Decomposition of types 7/ ( - ) (cf. Def. 3.5)

AL(A) = ¢22().(var) (w1 ar).(e51) | AZ(A') |
a1?(y1)-y1?(z1).c3Xz1) | 3?(21).21?(x).cal{x) |
c4?(x).(vs) (x!<S>.§!<W1,W2>)))

ALA) = ¢5?().w12(y2) 26 (y2) | (vs1)(c6?(y2)c7!(y2)5'() |
c7?2(y2)-(vs') (y2!(s").5"(51).0)) |
cs?().(vaz) (s11¢az).(c10!() | ¢107().0 |
az?(y3).y32(t1). (91} | AL(A”))))

ALA”) = 9?().(va) (Wal{a).(c12!() | €1220-0 |
a?(y).y?(z1).cr1i{z1) | c10?(21).21?(x).cr1{x) |

c11?(x).(vs) (x!{s).3!{odd(¢)))))

Figure 10: Breakdown for process A in Exam. 3.7.

where ¢ = init(fn(P)) and ¢’ = o - {#1%41/uu}. We omit parameter
g as it is empty. We have:

AL(A|B)o’) = c12().cz1).c3() | AZ(Ad’) | AL (Bo)
We use the following abbreviations for subprocesses of A and B:
A’ =wi?(t).A”, A” = wi!{odd(¢)).0, and B’ = x1!{5).x1?()).0.
The breakdown of A is in Fig. 10; the breakdown of B follows:
AL (B) = e132012(ya)-T1ya) | (vs1) (e14?(y)-T15K) 161) |
c152(ya).(vs”) (yal(s”).s""1(51).0) | c162().(v a3) (s1!(a3).
(@2110) | €2120.0 | a32(ys)-y52(x1,x2). (171¢) | AL (B')))))

The breakdown of B’ is similar and given in App. A.1. Type S is
broken down into MSTs M; and M, as follows:

My =2((2(?({2(Int); end)); end); end)); end
M, :!<(?(?((?(Bool); end)); end); end)); end

Names w; and wy are typed with M; and Mj, respectively. Then,
name u; is typed with M, given by:

M =!{(?(?({?(M1, M;); end)); end); end) ); end

Consider the reductions of 7 (P) that mimic the exchange of w
along u in P. We first have three synchronizations on c1, ca, ¢13:

7 (P) —* (vo)( (var)(wrar). (510 | AZ(A') |
a1?(y1)-y1?(z1).c31z1) | 37(21).217(x).cal(x) |
ca?(x).(vs) (x!(s) 5w, w2)))) | #1?(ya). c14'(ya) |
(vs1) (c1a?(y)-c154y)-c161() |

c152(ya).(vs”) (yal(s”y.s"1(s1).0) |
c167().(vas)(s1!(a3).(c21!() |
c2120).0 | a3?(ys).ys?(x1, x2).(e171() | AL (B)))))

where ¢ = (c3,...,¢12,¢14, - . ., C25). Then, a synchronization on u;

sends name a; (highlighted above). Name a; is further propagated
along c14 and cy5. Another synchronization occurs on c¢.

F(P) —7 (v&)(va) () | AZ(A) | a2(y)- y12(z1).3!(z1) |
¢3?(21).212(x).€a!(x) | ca?(x).(vs) (x!(s).51(w1, w2)) |
(vs)((vs”)((ar(s”). s”Ks1).0) | (vas)(s1!{as).(czr!() |

21200 | a3?(ys).ys?(x1, x2). (c171() | AL (B'))))))

where E* = (03, 05 C12,C175 v vy 025)

The next reduction communicates session name s’ along ay:
F(P) —® (vE)(vs”) (TN | AL(A) |
s"2(z1). ©31(z1) | e32(21).212(x) T !(x) |
c4?(x).(vs) (x!(s). 51wy, w)) |
(vs1)('87s1). 0 | (vas)(s1as).(car!) | c2120).0 |
a32(ys).y5? (x1, %2). (e7) | A (B))))))

After the synchronization on channel s”’, name z; is further sent
to the next parallel process through the propagator cs3:

F(P) =" (vEu) (vs) () | AZ(A) |
$512(x). T!(x) | ca?(x).(vs) (x!(s).5 w1, wg)) |
(vas)( s1ia3). (c21!() | c2120).0 |

a3?(ys).ys? (x1, x2).(c171() | AL (B')))))

where E** = (C4, o5 C12,€C175 444y 625)

Communication on s1 leads to variable x being substituted by name
a3, which is then passed on c4 to the next process. In addition,



inaction is simulated by a synchronization on cy;.
F(P) —
(Vo) (vas)(es!() | AL(A') | (vs)( asl(s). 5! (w1, w2)) |

a3?(ys). ys?(x1,x2).(c171) | AL (B')))

where ¢e = (cs5,...,c12,€17, .. .,C25)

Now, the passing of the decomposition of w is finally simulated by
two reductions: first, a synchronization on a3 sends the endpoint
of session s, which replaces variable ys; then, the dual endpoint is
used to send wy, wa, substituting variables x1, x2 in AL (B).

F(P) —M™ (vaa) (vs) () | AZ(A') |

siwi.wa) | s2(x1.x2). (ci7!() | AL (B')))
F(P) —1% (vaa) (GO | AZ(A) |

a7y | AL (B') {wiwyxixz}) = Q

Above, Cee = (c5,...,€12,€17, ..., C25). This is how 7 (P) simulates
the first action of P. Notice that in Q names w1, wo substitute x1, x2
and the first synchronization on w can be simulated on name wj.

Example 3.8 (A Recursive Process). Let P = uX.P’ be a process
implementing a channel r with the tail-recursive session type S =
ut.2(Int); (Int);t, with P’ = r?(w).r!{—w).X. We decompose r
using S and obtain two channels typed with MSTs as in Fig. 9:

ri: pt.2((?2(2({?(Int); end)); end); end)); t
ry = pt1{((?(?({?(Int);end)); end); end)); t

Then, process 7 (P) is
(e (" 2(b).(vs) (b1(s)3Kr1, r2)) | T1() | AL(P{TYr}) o)

where ¢ = (c1,...,¢|p1) and AL(P{r/r}) g is in Fig. 11.

InFig. 11, AL (P{ry/r}) simulates recursion in P using replication.
Given some index k, process RK mimics actions of the recursive
body. It first gets a decomposition of r by interacting with the
process providing recursive names on ¢’ (for the first instance,
this is a top-level process in 7 (P)). Then, it mimics the first input
action on the channel received for z; (that is, r1): the input of actual
names for w; is delegated through channel redirections to name y3
(both prefixes are highlighted in Fig. 11). Once the recursive name
is used, the decomposition of recursive name is made available

for the breakdown of the continuation by a communication on ¢".

Similarly, in the continuation, the second action on r, output, is
mimicked by r, (received for z3), with the output of actual name
wy delegated to 5" (both prefixes are highlighted in Fig. 11).
Subprocess R” is a breakdown of the first instance of the recursive
body. The replication guarded by a; produces a next instance, i.e.,
process R? {XrysXryfry, 12} in P. By communication on a; and a few
reductions on propagators, it gets activated: along a; it first receives
a name for y; along which it also receives: (i) recursive names
r1, 2 for variables x,,, xr,, and (ii) a name for y; along which it will

receive a; again, for future instances, as it can be seen in A 12‘:7 (X)g-
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ALP{rYry) g = (vs1)(e120.221()-ca!() |
2?().(var) (s1/a1).(c31() | ¢320).0 |
ca?().51?(2x)-C5zx) |
R | = al?(y{).yi?(xrl,xrz,yl).ﬁ)))
where:
P =) (c"2(b).(vs") (b1(s").5 1 xry, xr,)) | ETN) |
€120)-y12(2x).G2N2x) | RE{%rusXrafr1, 12}
Rk = cr?(zx)-
(var)(c"ar).((vs1) (cra1?(¥) -Chaz YD Chr3! ) |
cra2?(y)-(vs) (y!(s)5!(s1)) |
ck+3?0-(v az) (s19€a2) . (Cazra’ ) |

144700 | a2?(y2). y22(wi).
() (Eralzx) | AL (ral=w1) X)g))) |
a1?(y1).y1?(21, 22). 212(y)-
Ter1 1Y) 2(0).(vs") (b1(s") 5"(z1,22)))))
AR (ral(=w1).X) g = 2(22).(var)e" Na ).
(AET(X)g | a12(y1).y12(2). W)
W = (vaz)( 22aa). (Coar!(zx).c"2(b).(v5) (b)(s).51(2)) |
a2?(y2) .y22(2]). (v ) (Cas () |
k57021 2(x) Crpg! () |
ke ?(x).(vs) (x{s”). §'U~wl) ))))
AGT (X)g = (v$1) (char?(2x) Ters ! (2x) o (2 |
Cr+8?(2x).(var) (c"1ar). (crs0? (2x) 51!(2x). |
Ck10' O k410700 |
a1?(y1).y1?(r1, r2).
(vs") (zx(s").5"N(r1, 72,51)))))))

with g = {X  ry,r2}

Figure 11: Breakdown of recursive process (Exam. 3.8)

3.4 Results

We establish the minimality result for z using the typability of 7 (-).
We need some auxiliary definitions to characterize the propagators
required to decompose recursive processes.

Theorems 3.10 and 3.27 in [1] state typability results by introduc-
ing two typing environments, denoted © and ®. While environment
O is used to type linear propagators (e.g., ck, Ck41, - - -) generated
by the breakdown function B ( - ), environment & types shared
propagators used in trios that propagate breakdown of recursive
names (e.g., ¢, ¢%, ... where r and v are recursive names).

Definition 3.9 (Session environment for propagators). Let © be the
session environment and ® be the recursive propagator environ-
ment defined in Theorem 3.10 and Theorem 3.27 [1], respectively.



Minimal Session Types for the z-calculus

Then, by applying the encoding { - )2, we define © and @’ as
follows: @ = (©)2, &’ = (D)2

We can use @’ = (©)? in the following statement, where we
state the typability result for the breakdown function.

THEOREM 1 (TYPABILITY OF BREAKDOWN). Let P be an initialized
7 process. If T; A, Ay + Peo, then H(I), @, H(A), 0 + ﬂlg(P)g><>,
wherek > 0;7 = dom(A,); @ = [T,e7 ¢ : ((2(R"*(Au(r))); end));

and balanced(©’) with

dom(©”) = {ck, ks> - +s Che [ P1=1} Y {Ckats - - -+ Cher [ P1—1)
such that ©'(c) =?(-); end.

Proor. Directly by using Theorem 5.1 [10], Theorem 3.27 [1],
and Theorem 5.2 [10]. See App. C.2 for details. O

We now consider typability for the decomposition function,
using ' = (®)? as in Def. 3.9. The proof follows from Thm. 1;
see App. C.2.

THEOREM 2 (MINIMALITY RESULT FOR 7). Let P be a closed &
process, withu = fn(P) andv = rn(P). If T; A, Ay + P>, where Ay
only involves recursive session types, then
H(To); H(Ao), H(Ayo) v F(P) » o, where o = {init(w)/7}.

4 OPTIMIZATIONS

Although conceptually simple, the composition approach to de-
composition induces redundancies. Here we propose ¥ *( - ), an
optimization of the decomposition 7 ( - ), and establish its static and
dynamic correctness, in terms of the minimality result (cf. Thm. 4)
but also operational correspondence (cf. Thm. 5), respectively.

4.1 Motivation

To motivate our insights, consider the process :7{)]; (ui?(w).Q)g as
presented in § 3.1 and Tab. 2. We identify some suboptimal fea-
tures of this decomposition: (i) channel redirections; (ii) redundant
synchronizations on propagators; (iii) the structure of trios is lost.

While an original process P receives a name for variable w along
uj, its breakdown does not input a breakdown of w directly, but
through a series of channel redirections: u; receives a name along
which it sends restricted name s, along which it sends the restricted
name s; and so on. Finally, the name received for y’ receives w,
the breakdown of w. This redundancy is perhaps more evident in
Def. 3.5, which gives the translation of types by composition: the
mimicked input action is five-level nested for the original name.
This is due to the composition of [ - }]; and [ - ]2

Also, :,7[5.( (ul'?(w)Q)g features redundant communications on
propagators. For example, the bound name y is locally propagated
by cj41 and cgyy. This is the result of breaking down sequential
prefixes induced by [ - | é (not present in the original process). Last

but not least, the trio structure is lost as subprocess Oy is guarded
and nested, and it inductively invokes the function on continuation
Q. This results in an arbitrary level of process nesting, which is
induced by the final application of encoding [-]? in the composition.

The non-optimality of ﬂf{ (+)g is more prominent in the treat-
ment of recursive processes and recursive names. As HO does not
feature recursion constructs, [ - }]; encodes recursive behaviors

by relying on abstraction passing and shared abstractions. Then,
going back to 7 via [ - ] ;, this is translated to a process involving a
replicated subprocess. But going through this path, the encoding
of recursive process becomes convoluted. On top of that, all non-
optimal features of the core fragment (as discussed for the case of
input) are also present in the decomposition of recursion.

Here we develop an optimized decomposition function, denoted
F(+) (Def. 4.8), that avoids the redundancies described above. The
optimized decomposition produces a composition of trios processes,
with a fixed maximum number of nested prefixes. The decomposed
process does not redirect channels and only introduces propagators
that codify the sequentiality of the original process.

4.2 Preliminaries
We decompose a session type into a list of minimal session types:
Definition 4.1 (Decomposing Types). Let S and C be a session and

a channel type, resp. (cf. Fig. 4). The type decomposition function
H*( -) is defined in Figure 12.

Example 4.2 (Decomposing a Recursive Type). Let S = ut.S’ be
a recursive session type, with §” =?(Int); ?(Bool); !(Bool); t. By
Fig. 12, since S is tail-recursive, H*(S) = R(S’). Further,

R(S") = ut.?2(H*(Int)); t, R(?(Bool); !{Bool); t)
By definition of R( - ), we obtain
H*(S) = pt.?(Int); t, ut.?(Bool); t, ut.!(Bool); t, R(t)

(using H*(Int) = Int and H*(Bool) = Bool). Since R(t) = €, we
have
H*(S) = pt.?(Int); t, ut.?(Bool); t, ut.!{Bool); t

Example 4.3 (Decomposing an Unfolded Recursive Type). Let T =
?(Bool); !{Bool); S be a derived unfolding of S from Exam. 4.2. Then,
by Fig. 12, R*(T) is the list of minimal recursive types obtained
as follows: first, R*(T) = R*(!(Bool); ut.S”) and after one more
step, R* (1(Bool; ut.S’) = R* (ut.S’). Finally, we have R* (ut.S’) =
R(S’). We get the same list of minimal types as in Exam. 4.2:

R*(T) = ut.?(Int); t, ut.?(Bool); t, ut.!(Bool); t

Definition 4.4 (Decomposing Environments). Given environments
I and A, we define H*(T) and H*(A) inductively as H*(0) = 0
and
H*(Aui 2 S) = H* (N, (ug, . ..., ui+|’H*(S)|—l) s HE(S)
H*(T,u; : (S)) = H" (D), ui : H™({S))

Definition 4.5 (Degree of a Process). The optimized degree of a
process P, denoted | P1%, is inductively defined as follows:

I-Q-|v+1 IfP:ul‘<y>Q OrP:ul?(y)Q
10T ifP=(vs:5)Q

o1 +1 if P=(vr:S)Q and tr(S)
lOT*+|R]"+1 ifP=Q|R

1 ifP=0orP=X

0] +1 if P = puX.0



H*(end) = end
H((S)) = (H"(S))

H*(S1,...,8n) = H*(S1), ..., H" (Sp)
HUCY:S) = (H*(C));end if S = end
NPT (HE(C))end, HH(S)  otherwise
HO(C):S) = ?2(H*(C)); end if S = end
TP T 2(HH () end, HE(S)  otherwise

H (ut.5') = R(S")
H*(S) = R*(S) where S # pt.S’
R(t) =€
R(UC);S) = pt.l(H™(C)); t, R(S)
R(2(C);S) = pt.2(H (0)); £, R(S)
R*(2(C);8) = R*({C); S) = R*(S)
R* (ut.S) = R(S)

Figure 12: Decomposition of types 7" ( - ) (cf. Def. 4.1)

As before, given a finite tuple of names u = (a, b,s,s’,...), we
write init(u) to denote the tuple (ay, by, s1, s{, ...); also, we say that
a process is initialized if all of its names have some index.

Given a tuple of initialized names % and a tuple of indexed names
X, it is useful to collect those names in X that appear in u.

Definition 4.6 (Free indexed names). Let u and X be two tuples of
names. We define the set fnb(u, X) as {zx : z; € U A z € X}.

As usual, we treat sets of names as tuples (and vice-versa). By
abusing notation, given a process P, we shall write fnb(P,7) to
stand for fnb(fn(P), 7). Then, we have that fnb(P,x) C x. In the
definition of the breakdown function, this notion allows us to con-
veniently determine a context for a subsequent trio.

Remark 1. Whenever ¢ ?(y) (resp. cx!(y)) withy = €, we shall
write c;.?() (resp. cx!()) to stand for c;?(y) (resp. cx!(y)) such that
cx :?({end)); end (resp. cx :!{{end));end).

Definition 4.7 (Index function). Let S be an (unfolded) recursive
session type. The function f(S) is defined as follows:
f(S'S/t)) i S=pt.s’
1S

where: f'(U); S) = £/, (5), f/ (?(U);S) = f,,(S), and
£l (ut.8) = |R(S)| - 1+1.

jo-|

otherwise

Given a process P, we write frv(P) to denote that P has a free
recursive variable.

4.3 The Optimized Decomposition
We define the optimized decomposition 7 ( - ) by relying on the
revised breakdown function Af{( -) (cf. §4.3.1). Given a context x

andak > 0, Ai( +) is defined on initialized processes. Table 3 gives
the definition: we use an auxiliary function for recursive processes,
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denoted A’;ec x( - )g (cf. §4.3.2), where parameter g is a mapping
from recursive variables to a list of name variables.

In the following, to keep presentation simple, we assume pro-
cesses pX.P in which P does not contain a subprocess of shape
uY.P’. The generalization of our decomposition without this as-

sumption is not difficult, but is notationally heavy.

4.3.1 The Breakdown Function. We describe entries 1-7 in Table 3.

1. Input Process AJIE (ui?(y).Q) consists of a leading trio that mim-
ics the input and runs in parallel with the breakdown of Q. In the
trio, a context x is expected along cg. Then, an input on u; mimics
the input action: it expects the decomposition of name y, denoted .
To decompose y we use its type: if y : S then y = (y1,...,Yj7¢(s)|)-
The index of u; depends on the type of u;. Intuitively, if u; is tail-
recursive then [ = f(S) (Def. 4.7) as index and we do not increment
it, as the same decomposition of u; should be used to mimic a new
instance in the continuation. Otherwise, if u; is linear then we use
the substitution o = {%i+1/u;} to increment it in Q. Next, the context
z = fnb(Q, Xy \ w) is propagated, where w = (u;) or w = €.

2. Output Process A)’; (ui/(y;).Q) sends the decomposition of y on
uy, with [ as in the input case. We decompose name y; based on its
type S: Y = (Yjs - -» Yj+ |7+ (5)|-1)- The context to be propagated is
z = fnb(P,x \ w), where w and o are as in the input case.

3. Restriction (Non-recursive name) The breakdown of process
(vs:C)Qis (vs: H*(C)) BI;; (Qo), where s is decomposed using
C:5'=(s1,...,S|94+(C)|)- Since (vs) binds s and its dual 5 (or only
s if C is a shared type) the substitution o is simply {5151/s5} and
initializes indexes in Q.

4. Restriction (Recursive name) As in the previous case, in the
breakdown of (vs : pt.S)Q the name s is decomposed into s by
relying on ut.S. Here the breakdown consists of the breakdown of
Q running in parallel with a control trio, which appends restricted
(recursive) names Sands to the context, i.e., z = f,'sv,g

5. Composition The breakdown of process Q; | Q2 uses a control
trio to trigger the breakdowns of Q1 and Q, similarly as before.

6. Inaction The breakdown of 0 is simply an input prefix that
receives an empty context (i.e., x = €).

7. Recursion The breakdown of yX.P is as follows:

(v ) (2R, @)X 2@ @)X | AFL (P)g)

We have a control trio and the breakdown of P, obtained using

]:ec x( . )g (§4.3.2). The trio receives the context X on ¢ and
propagates it further. To ensure typability, we bind all session free
names of P using the context z, which contains the decomposition
of those free names. This context is needed to break down P, and so
we record it as g = {X > Z} in the definition of AK*! +(P)g- This
way, z will be propagated all the way until reaching X.

Next, the recursive trio is enabled, and receives y along c%,, with
|z] = |y] and I = |P|. The tuple ¥ is propagated to the first trio
of A’ﬁ;’é +(P)g- By definition of A’r‘;'cl +(P)g, its propagator ¢} will
send the same context as received by the first trio. Hence, the
recursive part of the control trio keeps sending this context to the

next instances of recursive trios of AK*1 _(P) .
recx\" /9
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P Ak(p)
yj:SAY=(y1,-.-,yjs)
w= (1in(ui))?{u,~}:e
1| u?(y).Q ok ?(X)w2(9) T 12> | AE(Qo) z=fnb(Q.Xy \ W)
1= (tr(u))? f(S):i
o = next(u;) - {1/ y}
Yj i SAY= (U)o Yjur |9 (S)|-1)
w = (lin(u;)) ?{ui}: €
2 | uily).Q o ?(®).w (7). T2 | AF1(Qo) Z=fnb(Q, %\ W)
I = (tr(u))? £(S):i
o = next(u;)
. T Q* k 5= (81,.7..,S|'H*(C>|)
3 (vs:0)Q (vs: H™(C)) A;{(QU) o = {5151/s5}
~ _ S) T=(s1,....8)9
4| (s pe$)Q | (vF:R(S)) (r2(®) (@0 | AF1(Q)) ;(:”;E)E %: Ez_i E:Z“):;
50010 | a?®anl@ Fmt@ | A51(01) | A5 () I Q) b
= 1
6 |0 c20.0
. A=fs(P) A:CAZ=bn(A:C)
7 | pX.P (v S5 (e 2(R)-,, {B)-1X 2@l KX | AF2L(P)g) Bzl seXeom
P A]rfec fc(P)g
Y : T AYjs - Y| (T)|-1)
X.c'? 1 1 X Ak+1 f 0 w= (11n(ul))7{u1}e
8 |wwpo |k (D o DI A1 Zk(ffa) e 7= 9(X) U fb(Q. 7\ )
pX.c, 2. (w!@). ck+1’<’> 1X) | AT (Qa)g (if g = 0) 1= (tr(u))? f(S):i
o = next(u;)
w = (1in(u;)) ? {u;i}: €
o |urpo | PHOUWDEEXIAL Qo) (g2 0) Z=g(X) U Frb(Q.77 \ )
LRI rQ 2 | Ak+1 £ 0 I=(tr(u))?f(S):i
#Xc ®). (uz ®)-cp,, 1@ IX) | recZ(ch) (if g = 0) o = next () (4}
pX.ch2(R).(ch, NG X [ cb, G2)) | (ifg # 0)
k kf;rl (Ql) | I§c+ll+11 (Qz) ﬁv(Ql)
10| 0110 Aec i g1e *rec 72 o Ui = g(X) U fnb(Q1, %)
pX.cr2(R).(cf, T | ¢fp MT2) 1 X) | v fnb(Q2, %)
ARl Qo | AR (Q2)o (ifg=0) = Il
y r k+1 $= (515 S|94(9)))
1 | s 0)0 HX.(vS: HH ()2 (). ck+l’<~>X | Arecz(Qa)  (ifg#0) S (1n(5)? G5, ST e
X HO ()2 (e, 1B | X) | AR (Qo)y (f9=0) | 3-%35 o= (515755}
uX. cr‘?(i) cr ’(“}X (ifg 9& 0)
12 | X
uXc"’()( 10 1X) (fg=0)
130 cf20).0

Table 3: Optimized breakdown function Ak( ) for processes, and auxiliary function for recursive processes Ak ()g-
rec x

Notice that the leading trio actually has four prefixes. This sim-
plifies our presentation: this trio can be broken down into two trios

by introducing an extra propagator cg.; to send over ck 5
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4.3.2 Handling P in uX.P. As already mentioned, we use the aux-
iliary function Ak ( ) g to generate recursive trios.
rec x
We discuss entries 8-11 in Tab. 3 (other entries are similar as
before). A key observation is that parameter g can be empty. To see
this, consider a process like P = pX.(Q1 | Q2) where X occurs free



in Q1 but not in Q2. If X occurs free in Q1 then its decomposition
will have a non-empty g, whereas the g for Q, will be empty. In the
recursive trios of Tab. 3, the difference between g # 0 and g = 0 is
subtle: in the former case, X appears guarded by a propagator; in
the latter case, it appears unguarded in a parallel composition. This
way, trios in the breakdown of Q5 replicate themselves on a trigger
from the breakdown of Qj.

Given this difference, we only describe the cases when g # 0:
8/9. Output and Input The breakdown of u;!(y;).Q consists of
the breakdown of Q in parallel with a leading trio, a recursive
process whose body is defined as in B ( - ). As names g(X) may not
appear free in Q, we must ensure that a context z for the recursive
body is propagated. The breakdown of r?(y).Q is defined similarly.
10. Parallel Composition We discuss the breakdown of Q1 | Q2
assuming frv(Q;). We take 71 = g(X) U fnb(Qs, X) to ensure that
g(X) is propagated to the breakdown of X. The role of c; ;  isto
enact a new instance of the breakdown of Q»; it has a shared type
to enable replication. In a running process, the number of these
triggers in parallel denotes the number of available instances of Q5.
11. Recursive Variable In this case, the breakdown is a control
trio that receives the context x from a preceding trio and propagates
it again to the first control trio of the breakdown of a recursive
process along cf . Notice that by construction we have x = g(X).

We may now define the optimized process decomposition:

Definition 4.8 (Decomposing Processes, Optimized). Let P be a
7 process with 4 = fn(P) and v = rn(P). Given the breakdown

function A)’% ( ) in Table 3, the optimized decomposition of P, denoted

F*(P), is defined as
F*(P) = (v (cx!(7).0 | A% (Po))

where: k > 0;¢= (ck, ..., Ck4 | p]-—1); 7 such that forv € vand v : S
(v1,.. ~’U|‘R(S)|) C 7, and ¢ = {init(w)/z}.

4.4 Examples
We now illustrate 7*( - ), Ai( ), Ak

rec x

(+)g-and H*(-).

Example 4.9 (Exam. 3.7, Revisited). Consider again the process
P = (vu)(A | B) as in Exam. 3.7. Recall that P implements session
types S =I{T); end and T =?(Int); !(Bool); end.

By Def. 4.5, | P1* = 9. The optimized decomposition of P is:

7 (P) = (vO (@) | (vu)Ag((A | B)o'))
where ¢’ = init(fn(P)) - {*141/uu} and ¢ = (cq, ..., c9). We have:
AL((A] B)o')) = e1?0).c2()-6!() | AZ(Ad”) | AS(Bo)
The breakdowns of sub-processes A and B are as follows:
AZ(Ad’) = ¢22().ur (w1, w2).€31() | €32(). w1 2(8). &) |
c4?().wz!{odd(2)).cs!() | ¢57().0

AL (Bo”) = ¢6?().u1?(x1, x2).€71(x1, %2) | €72 (x1, %2). %1 1(5) T (x2) |

cg?(x2).x2?(b1).co!{) | c9?().0

Name w is decomposed as indexed names w1, wy; by using H*( )
(Def. 4.1) on T, their MSTs are M; =!{Int); end and M, =?(Bool); end,
respectively. Name u; is the decomposition of name u and it is typed
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with 1{My, M3); end. After a few administrative reductions on cj,
¢z, and cg , ¥ (P) mimics the first source communication:

F*(P) —3 (vew) ((ur{wr, wa). c3'() | Ag(W?(t).W!(odd(t)).O) |

w12(x1, %2). ¢7!(x1, x2) | AL o (x!(5).x?(b).0))

— (v&) (e31() | AZ(W?(t).w!(odd(£)).0) | 7! (w1, wp) |
AL L, (x!(5).x2(b).0))

Above, ¢, = (c3,cq,c5,07,8,C9). After reductions on c¢3 and cy,
name wj substitutes x; and the communication along w; can be
mimicked:

F*(P) —° (vTur) W1 2(1). c2!() | c4?().W2!{0dd(1)).c51() |

¢5?7().0 | w1!(5). cs!{w2) |
cg?(x2).x22(b1).c9!() | €9?().0
— (Vi) (€2!(5) | c42(t) W2!{0dd(1)).c51() | ¢52().0 |

sl {wz) | c8?(x2) x2?(b1).c9() | ¢92().0)
Above, C.x = (c4, ¢5, cg, c9). Further reductions follow similarly.

Example 4.10 (Example 3.8, Revisited). Consider again the tail-
recursive session type S = pt.?(Int);!(Int);t. Also, let R be a
process implementing a channel r with type with S as follows:

R=pX.R R =r?(2).r/{-z).X

We decompose name r using S and obtain two channels typed with
MSTs as in Fig. 12. We have: r1 : pt.?(Int);t and rp : pt.!(Int);t.

The trios produced by Alg (R) satisfy two properties: they (1)
mimic the recursive behavior of R and (2) use the same decomposi-
tion of channel r (i.e., r1,rz) in every instance.

To accomplish (1), each trio of the breakdown of the recursion
body is a recursive trio. For (2), we need two things. First, we expect
to receive all recursive names in the context x when entering the
decomposition of the recursion body; further, each trio should use
one recursive name from the names received and propagate all of
them to subsequent trio. Second, we need an extra control trio when
breaking down prefix uX: this trio (i) receives recursive names from
the last trio in the breakdown of the recursion body and (ii) activates
another instance with these recursive names.

Using these ideas, we have the decomposed process A}l’,z (R):

cl?(rl,rz).gl(rl,rz).pX.c;(?(yl,yz).¥!<y1,yz>.X | A2, riry (R)

where A2

" o . .
fec rur, (R') is the composition of three recursive trios:

pX.ch2(y1,y2).r1?(21).¢ Yy, y2, 21). X |
pX.c5?(y1, yo, 21).r2?(—21).a!(y1, y2).X |
pX.cy?(y1, yz)-al(yl, y2). X

cg will first activate the recursive trios with context (rq, r2). Next,

each trio uses one of rq, r, and propagate them both mimicking the
recursion body. The last recursive trio sends r1, 2 to the top-level
control trio, so it can enact another instance of the decomposition
of the recursion body by activating the first recursive trio.
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4.5 Measuring the Optimization

Here we measure the improvements of ¥*( - ) over 7 ( - ). A key
metric for comparison is the number of prefixes/sychronizations
induced by each decomposition. This includes (1) the number of
prefixes involved in channel redirections and (2) the number of prop-
agators; both can be counted by already defined notions:

(1) Channel redirections can be counted by the levels of nesting
in the decompositions of types (cf. Fig. 9 and Fig. 12)

(2) The number of propagators is determined by the degree of a
process (cf. Def. 3.2 and Def. 4.5)

These two metrics are related; let us discuss them in detail.

Channel redirections. The decompositions of types for 7 ( - ) and
F*( - ) abstractly describe the respective channel redirections. The
type decomposition for 7 ( - ) (Fig. 9) defines 5 levels of nesting for
the translation of input/output types. Then, at the level of (decom-
posed) processes, channels with these types implement redirections:
the nesting levels correspond to 5 additional prefixes in the decom-
posed process that mimic a source input/output action. In contrast,
the type decomposition for 7 ( - ) (Fig. 12) induces no nesting, and
so at the level of processes there are no additional prefixes.

Number of propagators. We define auxiliary functions to count
the number of propagators induced by 7 ( - ) and F*( - ). These
functions, denoted #( - ) and #*( - ), respectively, are defined using
the degree functions (| - | and | - %) given by Def. 3.2 and Def. 4.5.

Remarkably, | - | and #( - ) are not equal. The difference lies in
the number of tail-recursive names in a process. In 7 ( - ) there
are propagators ci but also ¢”, used for recursive names. Def. 3.2,
however, only counts propagators of form cg. For any P, the number
of propagators ¢’ in 7 (P) is the number of free and bound tail-
recursive names in P. We remark that, by definition, there may be
more than one occurrence of a propagator ¢” in 7 (P): there is at
least one prefix with subject ¢”; further occurrences depend on the
sequencing structure of the (recursive) type assigned to r. On the
other hand, in 7 (P) there are propagators c and propagators c' ,
whose number corresponds to the number of recursive variables in
the process. To define #( - ) and #"( - ), we write brn(P) to denote
bound occurrences of recursive names and #x (P) to denote the
number of occurrences of recursive variables.

Definition 4.11 (Propagators in ¥ (P) and ¥ * (P)). Given a process
P, the number of propagators in each decomposition is given by

#(P) = |P1+2-|brn(P)| + |rn(P)| #(P) = | P]" + #x(P)

Notice that #*(P) gives the exact number of actions induced by
propagators in 7 (P); in contrast, due to propagators ¢, #(P) gives
the least number of such actions in 7 (P).

In general, we have #(P) > #*(P), but we can be more precise
for a broad class of processes. We say that a & process P # 0 is
in normal formif P = (vn)(Q1 | ... | On), where each Q; (with
i € {1,...,n})is not 0 and does not contain restriction nor parallel
composition at top-level. We have the following result; see App. C.3.

Proposition 4.1. If P is in normal form then #(P) > % -#(P).

This result implies that the number of (extra) synchronizations
induced by propagators in ¥ (P) is larger than in ¥ *(P).
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4.6 Results

4.6.1 Static Correctness. We first state Thm. 3, which ensures the
typability of A§ () under MSTs. We rely on an auxiliary predicate:

Definition 4.12 (Indexed Names). Suppose some typing environ-
ments I, A. Let X, y be two tuples of indexed names. We write
indexedr a (¥, x) for the predicate

Vzi(zi € X © (23 zitm-1) € Y) Am=|H"((T,A)(z:)])
THEOREM 3 (TYPABILITY OF BREAKDOWN). Let P be an initialized
process. IfT; A + P> o then

H*T\X);H (A\X),0F Ag(p) bo (k> 0)

wherex C fn(P) andy such that indexedr A (Y, X). Also, balanced (©)
with

dom(©) = {cg, Cky1s - Ca|P|-1} Y {Chits - - s Cha|P|-1}

and ©(cy.) =?(M); end, where M = (H* (T), H* (A)) ().

Proor. By induction of the structure of P; see § C.4 for details.
O

We now (re)state the minimality result, now based on the de-
composition 7 ( - ). The proof follows from Thm. 3; see App. C.5.

THEOREM 4 (MINIMALITY RESULT FOR 77, OPTIMIZED). Let P be
a rr process withu = fn(P). IfT; A + P> o then H* (To); H* (Ao) F
F*(P) » o, where o = {init(@)/g}.

4.6.2 Dynamic Correctness. As a complement to the minimality
result, we have established that P and ¥ *(P) are behaviorally equiv-
alent (Thm. 5). We overview this result and its required notions.
Thm. 5 relies on MST-bisimilarity (cf. Def. 4.17, =M), a variant
of the characteristic bisimilarity in [9]. We discuss key differences
between the two notions. First, we let an action along name n to be
mimicked by an action on a possibly indexed name n;, for some i.

Definition 4.13 (Indexed name). Given a name n, we write 7 to
either denote n or any indexed name n;, with i > 0.

Suppose we wish to relate P and Q using ~", and that P performs
an output action involving name v. In our setting, Q should send
a tuple of names: the decomposition of v. The second difference is
that output objects should be related by the relation »:

Definition 4.14 (Relating names). Let € denote the empty list. We
define »<. as the relation on names defined as
I;AFnisC

ni ¢ (nj, ..

fiv<dc My Ny b My

€pdc € S Mg | H(C)|-1) 1, nj »c My, My

Characteristic bisimilarity equates typed processes by relying on
characteristic processes and trigger processes. These notions, which
we recall below, need to be adjusted for them to work with MSTs.

Definition 4.15 (Characteristic trigger process [9]). The character-
istic trigger process for type C is

t<co:C def £2(x).(vs)(s?(y).[C)Y | 5%0).0)
where [C)Y is the characteristic process for C on name y [9].

Our variant of trigger processes is defined as follows:



Definition 4.16 (Minimal characteristic trigger process). Given a
type C, the trigger process is

12(x).(vs1) (s12(3)-(C); | 51(3).0)

where v; ><c 0, y; >4 7, and (C )ly is a minimal characteristic process
for type C on name y (see App. C.2 for a definition).

def
t &poi:C z

We are now ready to define MST-bisimilarity:

Definition 4.17 (MST-Bisimilarity). A typed relation R is an MST
bisimulation if for all Ty; Ay + P; R Tn; Az + Oy,

(vmp)n!(v:Cy)
—

(1) Whenever I'j; A1 + Py A7; A7 F Py then there

. , (vmz)il{(o:H" (C))
exist Qz, Aj, and o, such that I3; Az + Oy =

A; + Q2 where voy, > v and, for a fresh ¢,
F;A;’ F(vm) (P |t =cv:C1)R

Ay F(vmz)(Q2 | t &noo:Cr)

?
(2) Whenever I'i; A1 + Py nﬂ) A} + P, then there exist Q2, A,

n?(0) .
and o, such that I; Ag - Q1 = Aé F Q2 where voy »<c 0
and Fl;A; ) R rz;Aé + Qz,

¢
(3) Whenever I'i; Ay + Py — A] + P, with £ not an output or

4
input, then there exist Oz and Aé such that Iy; Ap - Q1 =
As v Q2 and T1; AL + Py R Tp;A) - Q2 and sub(¢) = n
implies sub(?) = .
(4) The symmetric cases of 1, 2, and 3.
The largest such bisimulation is called MST bisimilarity (=").

We can now state our dynamic correctness result:

THEOREM 5 (OPERATIONAL CORRESPONDENCE). Let P be a &t pro-
cess such that T'y; A1 + P;. We have

DA P M HY D), H (D) - F5(P)

Proor. By coinduction: we exhibit a binary relation S that
contains (P, ¥ *(P)) and prove that it is an MST bisimulation. The
proof that S is an MST bisimilarity is given by Lem. C.7 and
Lem. C.8 (see App. C.7 for details). O

5 CONCLUDING REMARKS

Concluding Remarks. We showed a minimality result for x, a
session-typed m-calculus. This result says that sequentiality in ses-
sion types is a convenient but not indispensable feature. Follow-
ing [1], we introduced minimal session types (MSTs) for 7 and
defined two decompositions, which transform processes typable
with standard session types into processes typable with MSTs. The
first decomposition composes existing encodability results and the
minimality result for HO; the second decomposition optimizes the
first one by (i) removing redundant synchronizations and (ii) using
the native support of recursion in 7. For this optimized decompo-
sition, we proved also an operational correspondence result. This
way, our work shows that the minimality result is independent
from the kind of communicated objects (names or abstractions).

Sequentiality is the key distinguishing feature in the specification
of message-passing programs using session types. We remark that
by our minimality results do not mean that sequentiality in session
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types is redundant in modeling and specifying processes; rather,
we claim that it is not an indispensable notion to type-checking
them. Because we can type-check session typed processes using
type systems that do not directly support sequencing in types, our
decomposition defines a technique for implementing session types
into languages whose type systems do not support sequentiality.
For the sake of space, we have not considered choice constructs
(selection and branching). There is no fundamental obstacle in treat-
ing them, apart from a very minor caveat: the decomposition in [1]
assumes typed processes in which every selection construct comes
with a corresponding branching (see App. A.2 for an example).
All in all, besides settling a question left open in [1], our work
deepens our understanding about session-based concurrency and
the connection between the first-order and higher-order paradigms.

Related Work. We use the trios decomposition by Parrow [11],
which he studied for an untyped z-calculus with replication; in
contrast, 7 processes feature recursion. We stress that our goal
is to clarify the role of sequentiality in session types by using
processes with MSTs, which lack sequentiality. While Parrow’s
approach elegantly induces processes typable with MSTs, defining
trios decompositions for 7 is just one path towards our goal.

Our work differs significantly with respect to [1]. The source
language in [1] is HO, based on abstraction-passing, whereas here
we focus on the name-passing calculus 7. While in HO propaga-
tors carry abstractions, in our case propagators are binding and
carry names. Also, names must be decomposed and propagating
them requires care. Further novelties appear when decomposing
processes with recursion, which require a dedicated collection of
recursive trios (not supported in HO).

Prior works have related session types with different type sys-
tems [2-4]. Loosely related is the work by Dardha et al. [2]. They
compile a session z-calculus down into a z-calculus with the linear
type system of [7] extended with variant types. They represent
sequentiality using a continuation-passing style: a session type is
interpreted as a linear type carrying a pair consisting of the original
payload type and a new linear channel type, to be used for ensuing
interactions. The differences are also technical: the approach in [2]
thus involves translations connecting two different z-calculi and
two different type systems. In contrast, our approach based on MSTs
justifies sequentiality using a single typed process framework.
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Minimal Session Types for the z-calculus

A ADDITIONAL EXAMPLES

A.1 First Decomposition: Core Fragment
Example A.1 (Core Fragment). Let P be a & process which incorporates name-passing and implements channels u and w with types
S =(T);end and T =?(Int);!(Bool); end, respectively:
P=(vu:S)(u{w).w?(t).w!{odd(t)).0 | u?(x).x!(5).x?(b).0) = (vu)(A | B)

The degree of P is | P| = 25. Then, the decomposition of P into a collection of first-order processes typed with minimal session types is:

F(P) = (ver,...,c5)(e().0 | AL(Po))
=(vel,..., ¢25) (c11).0 | AL((vu)(A | B)o))
= (ver...,c25) (c1!().0 | (vur) AL ((A | B)o')),

where ¢ = init(fn(P)), ¢’ = o - {¥1t1/uu}
We have:
AL(A|B)')) = e1?0.e2)e3!() | AZ(Ad") | AL (Bo’)
We use some abbreviations for subprocesses of A and B :
A =wi2(1).A7 A =wi{odd(1)).0
B’ = x1!(5).B” B” = x1?(b).0
The breakdown of A is:
AL(A) = ¢220).(var) (url{ar).(c510) | AL(A") | a1?(y1).y12(21).T3(z1) |
3?(21).212(x).cal{x) | ca?(x).(vs) (x!{(s).5 (w1, w2))))
AL(A) = o520 W12 (y2) 6! (y2) | (vs1)(c6?(y2).c7'(y2).c8!() |
c72(y2).(vs") (y2!(s").s"1(51).0) ) | es?().(v a2) (51a2). (€10!() | €10?().0 |
a22(y3).43?(11)-(e1) | AZ(A”))))
ALA") = c9?().(va) (Wela).(e2!() | €1220.0 |
a?(y).y?(z1) cr1z1) | e10?(21).212 (%) .er1{x) | e11?(x).(vs) (x!(s).51{odd(1)})))
The breakdown of B is:
AL (B) = e13?0).w1?(ya)-T1a!(ya) | (vs1)(c1a?(y).c15'(y).16!() |
c15?(ya).(vs”) (yal(s”).s""1(51).0) | c16?().(v a3) (s1!a3).(c21!() |
¢2170-0 | a3?(ys).ys? (1, x2)-(e1710) | AL (B')))))
AL (B') = e1720).(v ag) (x11(aa).(c20!() | AZ (B”) | as?(ye) .y6?(21).c15(21) |
c18?2(z1).21?(x).c1oM{x) | c19?(x).(v s"')(x!(s"’).s’Tl(S))))
AL(B") = e20?0)x22(y) €21 (W) |
(vs1) (e21?(y) c22!(y)-c231) | c222(y)-(vs) (y!(s) 51(s1)) |
c23?(X).(va) (51¢a).(c25'() | €252().0 |
a?(y").y"?2(b1).(c2a!() | c242().0))))

Names w; and W, are typed with M; =?((?(?((?(Int); end}); end); end)); end and M =!((?(?((?(Bool); end)); end); end)); end, respectively.
Name u; is typed with !((?(?((?(Ml,]\_/lz);end)); end); end)); end. Now let us observe the reduction chain. The collection of processes
synchronizes on cy, ¢g, c13 after three reductions.

7 (P) —* (vO)( (var) (wilar). (c510) | AL(A") | ar2(y1) 412(21)-TNz1) | e32(21).212(x).Eal(x) |
ca?(x).(vs) (x!(s).3Uw1, w2)))) | @12(ya)- c1a'(ya) | (vs1)(c1a?(y).c151(y)-c16'() |
c15?(ya)-(vs”) (ya!(s”").s""(s1).0) | c162().(v a3) (s1!(as).(c21!() |
c2120).0 | a3?(ys).y5?(x1, x2).(e171() | ALY (B)))))

where ¢ = (c3,..., €12,C14, -+ .,€25)
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Then, the broken down process A communicates with process B through channel u; by passing name a; (highlighted above). Here we notice
that the original transmission of value w is not immediately mimicked on channel u, but it is delegated to some other channel through
series of channel redirections starting with the transmission of name ay. Further, received name a; is locally propagated by c14 and c;5. This
represents redundant communications on propagators induced by breaking down sequential prefixes produced by two encodings [ - ]]; and
[ - J? (not present in the original process). Another synchronization occurs on cyg.
F(P) —" (vE)(va) (&) | AL(A) | a12(yr)- y1?(z1).63z1) | e32(21).212(x).cq!{x) |
ca?(x).(vs) (x!(s). 5w, w2)) | (vs1) ((vs”) ((arlds). s”(s1).0) | (va3)(s1!¢as).(c21() |
212010 | as?(ys).457(x1, ). (c710) | A7 (B)))))

where E* = (03, o5 C12,C175 4 v vy 025)

The next step involves communication on ap: session name s’/ is passed and substitutes variable y;.

F(P) —® (va) (vs”) (1) | AL(A) | 8”2z1). ©31(z1) | c3?(21).217(x).ca!(x) |

ca?(x).(vs) (x!(s) 51w, w2)) | (vs1)(57Ms1). 0 | (vas)(s1!{as).(@r10) | €2120.0 |
a3?(ys).ys? (x1,x2). (G710 | ALY (B'))))))

The process then synchronizes on channel s”’. After z; is replaced by sy, it is further sent to the next parallel process through the propagator
c3.
F(P) —10 (vTu) (vs1) (1) | AZ(A”) | 512(2). ca!(x) | ca?(x).(vs) (x1{s).51 (w1, w2)) |
(vas)((s1as). (21} | €2120).0 |
a3?(ys)-ys?(x1,x2). (@) | AL (B')))))

where Cix = (C4,...,C12,€17, .. .,C25)

Communication on s leads to variable x being substituted by name a3, which is then passed on c4 to the next process. In addition, inaction
is simulated by synchronization on c;.
7 (P) —" (vaa)(vas) () | AL(A) | (vs)(aslfs). 51 (wi, w2)) |

a3?(ys)- ys? (x1,x2).(c171() | A (B')))
where ¢e = (c5,...,¢12,€17,. . .,C25)
Now, the distribution of the decomposition of w from one process to another can finally be simulated by two reductions: first, a synchronization

on a3 sends the endpoint of session s, which replaces variable ys; afterwards, the dual endpoint is used to send the names wi, wy, substituting
the variables x1, xs.

F(P) — (vCas) (vs) (T | AZ(A') |
S w1, wa) | s2(x1,x2). (c17!() | AL (B)))
F(P) =1 (v (T | AZ(A) |
arl() | A (B') {wmfxix}) = Q
where E.. = ((35, s C12,C175 40 vy 025)
Here, we remark that as prefix s?(x1, x2) bounds variables x1, x2 in the breakdown of the continuation (A 27 (B' ) ). Thus, there is no need
for propagators to pass contexts: propagators here only serve to enforce the ordering of actions. On the other hand, this rely on arbitrary
process nesting which is induced by the final application of encoding [ - ]? in the composition. Thus the trio structure is lost.
Undoubtedly, the first action of the original first-order process has been simulated. We may notice that in Q names wj, wy substitute x,

x and subsequent 7-action on w can be simulated on name wj. The following reductions follow the same pattern. Thus, the outcome of our
decomposition function is a functionally equivalent process that is typed with minimal session types.
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A.2 First Decomposition: Labelled Choice

We now illustrate how the approach in § 3 can be extended to account for labelled (deterministic) choice (selection and branching constructs).
In HOu, these constructs are denoted

u<alP  uve{li:Pi}ier
with reduction rule
n<lj.Q|ne{li:Pitier— Q| P;(j€I
Example A.2 (Labelled Choice). Let P and Q be & processes which incorporate branching and selection:
P=uv{l : (vh)(h{m).h?2(1).0 | h?(x).h!{x).0), 15 : s!(m).32(x).0}
Q=u<l.0

Let R denote the restricted parallel composition of P and Q: R = (vu)(P | Q). The respective process degrees have the same values as
before. The decomposition of R is:

F(R)=(ver,...,c5)(c11().0 | ﬂé((vu)(P | Q)o)y), where o = {wi1/yu}
= (ver . es) (@00 | (vur)(e1?0.2210.31) | AZ(P)g | A2(Q)g))

We consider P and Q separately. We begin with the breakdown of Q.

:?(E(Q)g = c32().(va1) (cal{ar).((vu2) (ca?(y).(vs) (y!(s).51(u2))) | c52().0 |
a1?(y").y"?(y1).ur <lun?(2).c51).(vs") (21{s").5 Ky1))))

The breakdown of process P is:

AZ(P)g = 220.ur > {l1 : (vaz)ur{az).a2?(y”).y""?2(y1)-(ves, ..., c21) (e31() | AL (Pr{U1/ur})g),
Ip : (vag)uraz).a2?(y"”).y" 2(y1).(ves, ..., c11) (c31) | Jﬂz(Pz{yl/ul})g)}

As in the previous approach of this example, we are interested in the breakdown of P;, because it belongs to the selected branch.

A (Pr{Yur})g = (v Ay, ho) A2 (R (my).hy 2(1).0 | hy?(x).h1(x).0)4
= (vhy, ho)(e3?().2a!().e131() | AL (h1N(m1).ha?(£).0)g | AL (h1?(x).h1!(x).0) 4)

AL (h1(m1).gh12(1).0) = s?().(v a3) (h{as). (710 | AL (h2?(2).0)4 | a3?(y2).y2?(21).5'(z1) |
05?(21).21?(x).Q!<x> | 06?(x).(v51)(x!(sl).§!(m1).0)))
AL(ha?(2).0)g = ¢72()-h2?(y3).c8!(ys) | (vs2)(cs?(y3).5!(ys).c10() |
9?(y3).(vs3) (y31(s3).531(52).0) | ¢10?().(v as) (521as). (c12!() |
c12?0).0 | as?(ya).ya?(t1)-c111() | c1120).0 ))

A (m2(x).h11(x).0)g = e1320).h1?(ys).T1al(ys) | (vsa) (c1a?(ys).e15ys) e161) |
c157(ys)-(vs5) (y5!(s5).55!(54).0) | ¢16?7().(v as) (5aX(as).(c21!() |
¢2170-0 | as?(ys).y6? (1)1 1xr) | AL (h!(x1).0)4 )))

A (h2!(x1).0) g = e172(x1).(v a) (h!ae)- (€20 x1) | €2020.0 | a62(y7).y7?(22) 151 (22) |
c182(22).22?(x").c19!{x") | c192(x"). (v s6) (x"1(s6).56!(x1).0)))

In order to verify that the decomposition of R simulates the behaviour of the initial process, we refer to its reduction chain. The first
transitions involve synchronization on ¢y, ¢z, c3 and c4. The trigger name ay is passed through propagator c4, such that it replaces variable y.
F(R) —* (ves)(vuy) (wr » {l1 + (vaz) u1az).a22(y").y""?2(y1).(ves, ..., c21) (e31¢) |
A (Pr{Y/u})g), Lo+ (vaz) u1l{az).az?(y”).y" 2(y1).(ves, ... c11) (c31) |

AL(P2AY 1} )} | (var) ((vuz) ((vs)(a1!(s).5m2))) | e52().0 |
a1?(y").y"?(y1) w1 < li.ur?(2).c51).(vs") (21(s").5"1{y1))))
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The next step involves synchronization on aj, which leads to the variable y’ being substituted by session name s.
F(R) —° (ves)(vur) (ur > {h = (vaz) u1Naz).a2?(y”).y"2(y1)-(ves, ..., c21) (c310) |
A (Pr{Y/ur})g), Lo+ (vaz) u1l{az).az?(y”).y" ?(y1)-(ves, ... c11) (c31) |
AP ur})g)} | (vs)((vu) (5KE2)) | 5200 |
s?(y1).ur <lur?(2).c5!).(vs") (z1{s").5 Ky1))))
Now, session name s and its dual endpoint can communicate - channel name uj3 is sent, replacing y;.
F(R) —® (ves)(vur) (ur > {h = (vaz) wlaz).a2?(y”).y" 2 (y1)-(ves, ..., ca1) (@1 |
AL(PH{Y )} g), I+ (vaz) waz).a2?(y”) y""2(y1) . (ves, ..., e11) (6310) |
:?(z(Pz{yl/ul})g)} | (vuz)(c5?().0 | ug <l.ur?(2).cs).(vs") (2(s") 3" (uz))))
At this point, the action of choosing the first branch can be simulated by selecting label I; on channel name u;.
F(R) —7 (ves)(vur) ((vaz) u1l{az).a2?(y”).y" 2(y1)-(ves, ..., c21) (e310) |
AP })) | (vuz)(e520.0 | 1 2(2)8510.(vs") (24s”) 5 1(@))))
The following two reductions consist of synchronizations on u; and cs. As a result, variable z is replaced by the trigger name aj.
F(R) —° (vaz)(az?(y”).y" ?(y1)-(ves, ..., ca1) (€31 |
AP} g) | (vu) ((vs') (az!(s”).5"1(2))))
Communication on a allows for synchronization on s’. Channel a; receives the session name s’, which further receives the dual endpoint u;.
F(R) —" (ves,...,ca) (vup) (e3() | A2 (Pr{T/ur})y)
= (ves,...,c21) (Vi) (e310) | (vh, h2) (e320).e2!().e131) |
AL (b (m1).hi2(1).0) | AL (h12(x).h11(x).0)g))

Remarkably, the obtained result reflects the broken down version of process P;. Following three more reductions, in which c3, ¢4 and c13
synchronize with their respective duals, the breakdown of each parallel sub-process will be activated. We refrain from presenting the
remaining reduction steps, as they represent a standard case of name-passing. Clearly, the decomposed process 7 (R) behaves in a similar
manner to the initial process R.

20



Minimal Session Types for the z-calculus

B RELEVANT NOTIONS FROM [10]
B.1 Session Types for HOx

(SEss) (Su)
I;0;{u:S}ru>S Tou:U;0;0 - u>U

(LVAR) (RVAR)
T;{x:C—oo0};0Frx>C—o0 LX:ANO;AFXbo

(ABs) (App)
;A A1 FPro T;0;A2-x2C T MM FVECroo ~ef{—o,—) T;0;A2FusC
M\x; A; Af\A2 F Ax.P>C— 0 T;A AL, A FVuso
(Prom) (EProOM) (EnD)
[0;0-rVeC—o0¢ T;Ax:Co0;ArPro T;AMAFP>T u¢dom(T,AAN)
I00rVeC—oo0 T x:Coo;A;AFPro ;A Au:end-Pro
(Rec) (PaR)
[LX:A0;A+Poo ;A5 A FPipo i=1,2 (Nir)
T;0;AF pX.Pro T;A1,A2; A, A F Py | Pybo ;0,0 000
(SEND)

u:SeA,Ny T;A1A1EPro Ti;A A VU
T;A1, Ao (A, A2) \u:S),u:{US +uV).Pro

(ReQ)
T;AA1FPoo T50;0Fus(UY T;0;A2-VeU Ue{S L}

T;A; A, A - ul{V).P>o

(Acc)
(Rev) ;AL A1 - Poo T50;0 Fus(U)
;A ALu:SEPro T;A2 A x> U [;A2; A0 x> U Ue{S L}

F\x;Al\Az;Al\Az, u :?(U);S F u?(x).P > o F\x;A1 \Az; Al\Az F u?(x).P > o

(Bra) (SEL)
Viel T;AAu:SjkPivo LAAu:SjrPro jel

LA A u:&{l;: Sitier Fus{li : Pi}ier> o i A u:f{l;: Sitier b u<1lj.Pl><>

(ResS) (RES)
T;A;As:51,5:So+Pro Sy dual$y Ta: (S);A;ArPro
;AAF (vs)Pro ;AAF (va)Pro

Figure 13: Typing Rules for HOx (including selection and branching constructs).

Remark 2. We derive polyadic rules for typing m as an expected extension of w typing rules in Fig. 14.

B.2 Labelled Transition System for HOx

The typed LTS combines the LTSs in Fig. 15 and Fig. 16.
Definition B.1 (Typed Transition System). A typed transition relation is a typed relation I'; A1 + Py £, Az + Py where:
(1) Py —[> Py and
2) (T,0,A1) — (T,0,A2) with T;0; A; F Py » o (i = 1,2).

. . -, 14 . ¢ ¢ I .
We write = for the reflexive and transitive closure of —, = for the transitions =—=, and = for = if  # 7 otherwise =.
21
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(PoLYVAR)
L,X : My;y : My + Xy> MyMy

(PoLYSEND) (PoryRcv)
A, u:SrFPro T;AyFx»C AL, u:SFPro T;AyFx»C
T;A1, Ay, u H{C); S - ul(x).Poo T\X: A1\ Ag, u :2(C); S + u?(X).Pwo
(POLYRESS) (POLYRES)
IA,5:51,5: S+ Pro Sy dual Sy IbAa:CrPro
I;AF (VS)Pro I;AF (va)Peo
(REQ) (Acc)
I;0rus(S) T;A1+Pro T;0Fus>(S) T;A1+Pro
F;Azl—;PS F;Azl—fl>5
AL, A2 u!(@.P><> l‘\f;Al \Az [ u?(@.P><>

Figure 14: Polyadic typing rules for 7.

(BrA)
(Arp) (SND) (Rv) (SEL) jel
(Ax.P)V = P{V/x} n(V).P nﬂ>P n?(x).P "ﬂo P{V/x} s<1p % p se{l; :Pi}ielsil{Pj
(ALpPHA) (REs) (NEW) (PARL)
¢, ¢, (vm)n(V) _, [
P=4 0 Q—P P—P n ¢ fn(f) p — P my € fn(V) P—P bn(£) N fn(Q) =0
PP (rmP = (vm)P’ (mpp IR pr PIQ-P10Q
(Tau) (REC)
PP 050 a=e PX.Pixy 5 pr
P Q> (vbn(f) Ubn(&)) (P’ | Q) uX.p -5 pr

Figure 15: The Untyped LTS for HOx processes. We omit Rule (Parg).

In this section we recall relevant notions from [10].

B.3 Encoding of HOx into HO
Definition B.2 (Auxiliary Mappings). We define mappings | - | and | - JJG as follows:
o |-]:2Y — YV is a map of sequences of lexicographically ordered names to sequences of variables, defined inductively as:
lel =€
In, ml = xn, Im|  (x fresh)

e Given a set of session names and variables o, the map [L . J]G : HO — HO is as in Fig. 17.
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[SRv] [SHRV]
S¢dom(d) ;AN FVeU [;0;0Fav(UY LA NFVeU
>V 4
(T; A3 A, s :2(0);S) SLQ (T; AN AN 52 S) (T; A3 N) ai)) (T;A AN AN
[SSnp]
ILT;A ;N v VU T0;Af F mj>Uj s ¢ dom(A)
A\(UjAj) € (As:S) [0, rmje Ul A CA
m)s!(V
Tmsts 21Uy S) Y (T A (8,5 55,0 A)\A)
[SuS~Dp]
ILT;A ;AN +r VU I';0;Aj - mj>Uj ;0,0 F av (U) [SE1]
A\(UjAj) € A F’;(Z);A} kﬁ]»Ujf AN CA 5 ¢ dom(A) jel
m)a!{V ®l;
(T; A5 A) (vm)_a)( ) (T,T; A\N; (A, UjA})\A/) (T; A5 A, s = @{l; : Sitier) s—j> (T3 A0, 52 55)
[Bra] [Tau]
Eeédom(A) jel A — Ay VA=A
&l T
(T; A5 A s - &{li = Ti}ier) S—]> (T;A50,5:S5) (T:85A1) — (T34 A7)
Figure 16: Labelled Transition System for Typed Environments.
def def
Lwiax. )P, °E wiax. @], -1P], lw>{li : PiYier], "= we{li: [Pi]  bier
[[w?(x).PJJU def u?(x). [LPJ]U [Lw < l.PJ]O_ def u< l.[[PJJ(r
def def
Lovme], = vm|P],, laxQw], € Gx|Q], ) u
def def
lPie], = [p], 1lel, lxw], = xu
def
lel, = o
xp ifwisanamenandn ¢ o (x fresh)
In all cases: u =
w  otherwise: w is a variable or aname nandn € o
Figure 17: Auxiliary mapping used to encode HOx into HO (Def. B.2).
C PROOFS

C.1 Auxiliary Results
Lemma C.1 (Substitution Lemma). I;A,x: S+ P>o andu ¢ dom(T, A) impliesT; A, u : S + P{¥/x} » o.
The following property follows immediately from Def. 4.1 and Def. 4.4:
Lemma C.2 (Typing Broken-down Variables). IfT;A + z; > C then G(T); G(A) + 2> G(C) wherez = (zi, .. ., 2i4|G(C)|-1)-
Lemma C.3 (Shared environment weakening). IfT;A+F P> o thenT,u: (C);A+ P> o.
Lemma C.4 (Shared environment strengthening). IfT; A+ P>o andu ¢ fn(P) thenT \u; A+ P»o.
Lemma C.5. Let7 be tuple of channel names and S a recursive session type. If 7 : R*(1{C);S) and k = f(!1{C);S) thenry : ut.{(G(C));t.

C.2 Decompose by Composition
THEOREM 1 (TYPABILITY OF BREAKDOWN). Let P be an initialized i process. If T; A, Ay + P v o, then H(T7), ®’; H (A), 0 + ﬂ’g(P)g >0,
where k > 0;7 = dom(A,); @ = [1,e7 ¢ : ((2(R"*(Au(r)));end)); and balanced(®’) with

dom(®") = {ck, Cht1s -+ > Cha | P1=1} YU {Chats - - -5 Cher [ P]-1)
23
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such that ©'(c;) =?(-); end.

Proor.

A A FPro (Assumption) (1)
(D)5 €AY (AL F [PTg o (Theorem 5.1 [10], (10)) )
GUDH. @ G((A)). 0+ B[:([[P]];) >0 (Theorem 3.27 [1], (11)) (3)
[GUTYHIZ [@]% [ (KAYHIZ [O1% v [BE(IP13)]% > o (Theorem 5.2 [10], (12)) ()
H(T),®;H(A),0" + AKX (P) g0 ( Definition of AK( - ), (5)

Definition 3.5, Definition 3.9, (4))
O

THEOREM 2 (MINIMALITY RESULT FOR 7). Let P be a closed 7 process, with u = fn(P) andv = rn(P). If T;A, Ay + P> o, where A, only
involves recursive session types, then
H(To); H(Ao), H(Auo) b T (P) > o, where o = {init(@)/z}.

Proor.
I’A+Pro (Assumption) (6)
To;Ac+Povo (Lemma C.1, (6)) (7)
H(To),®;H(Ao),® 57{]; (Pa)g >0 (P is initialized, Theorem 1) (8)

To complete the proof, let us construct a well-formed derivation tree by using the appropriate typing rules for the higher-order calculus.
Note that we apply one of the polyadic rules, i.e. PolyResS, used for typing HOx, derived by Arslanagi¢ et al. [1].

e (] 1 iy LT €T H(Ta), @57 H(S) b " 2b).(v5) (b4s) 5P) » o )
ar (|| — 1 times,
H(Ta), ®';H (Ayo) F [res P

where S = A, (r). By the definition of &’ we have ¢” : ((?(R"*(A(r)));end)) € &’ and by Def. 3.5 we have R"*(A,(r)) = H(S), so the
right-hand of (9) is well-typed.

. T H(To), @ H (Ao) F 05
T H(To), ' H (M), eg!(-); end F e () ) (10)
H(Ta), ®'; H(Ad), H(Auo),cc!(-);end F (.0 | [Tyes P

Par

(10) (8)
H(To), ®; H (Ao), H (Auo), c!{-);end, © + cg!(-).0 | TT,e5P" | AK(Po)gv o
H(To); H (Do), H(Auo) F (vE) (vEr) (TTres P71 c!().0 | AK(Pa))

Par

PolyResS

C.3 Measuring the Optimization
Proposition 4.1. IfP is in normal form then #(P) > % -#(P).

PrOOF. Because #(Q) > |P]+2 - |brn(P)|, it suffices to show that [P] +2- |brn(P)| > % - #"(P). The proof is by induction on structure of
P. We show one base case (output prefix followed by inaction) and three inductive cases (input, restriction, and parallel composition); other
cases are similar:
e Case P = u!{x).0. Then | P] = 4, |brn(P)| = 0, and | P]* = 2. So, we have | P] + 2 - |brn(P)| > % -#°(P)
e Case P = u!{x).P’ with P’ # 0. By IH we know |[P’] + brn(P’) > % - #*(P’). We know |P] = |[P']+3,|P]" = |[P’]* +1 and
#x(P) =#x(P’).So, [P’ +2-|brn(P")| +3 > % -#(P)+1 > % - (#(P) +1).
e Case P = (vr : S)P’ with tr(S). Then | P] = | P’] (by Def. 3.2) and |brn(P)| = |brn(P’)| + 1. Further, we have #x (P) = #x(P’) and
[P]* = |P’]* + 1. Now, by IH we can conclude that [P]+2- (|brn(P)| +1) > 3 - #"(P) +1> 2 - (#"(P) + 1).
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e Case P=P; | ... | P,. By IH we know

P12+ (P 2 2 - # (7 an
fori e {1,...,n}. We know |P| = X1, [P;]+ (n—1), [brn(P)| = X1, |brn(P;)], and [ P]* = X7, #*(P;) + (n — 1). So, we should
show

DU +2- ) [bn(Py)] + (n=1) > g S # P+ (n-1) (12)
i=1 i=1 i=1
That is,

n n
5 *
Pi|+2-|brn(P;)|+1) > - - #(P;) +1
;u i1 +2 - [b(P)| +1) 2 2 Zl( (P) +1)
Equivalent to

(

(#(Py) +1))

Ngh
W]

1l
—

S (LB +2- bm(P)] +1) 2
i=1

1

We show that for each i = {1, ..., n} the following holds:

|[P;l+2-|brm(P)|+1> = - (#*(Pi) +1)

[SSRNS, |

That is
_ [P;l+2-|br(Py)| +1

#(P;) + 1
As P is in the normal form, we know that P; = a.P] where a is some sequential prefix. So, by Def. 3.2 and Def. 4.5 we know that for
some p* and p we have | P;1" = p* + | P[], #x(P;) = #x(P]), and | P;| = p + | P/]. We can distinguish two sub-cases: (i) P # 0 and
(ii) otherwise. We consider sub-case (i). By (11) we have:

5
> =
3

%.#*(Pl.')+p+1 >§
T o#(P)+pt+1 T3

We need to find prefix a such that p and 1% are the least. We notice that for the output prefix we have p = 3 and 1% = % So, the
following holds
@)+ s P+ E
#(P]) +2 3 #(P))+2
Now, we consider sub-case (ii) when P; = 0. In this case we have [ P/] + 2 - brn(P]) = #*(P) = 1. We pick p and p* as in the previous
sub-case. So, we have

5
2_
3

[Pi]+2-|brn(P)|+1 1+3+1 5

#(P;) + 1 1+1 3
So, we can conclude that inequality (12) holds.

C.4 Typability of the Optimized Breakdown Function
Lemma C.6 (Typability of Breakdown: Ak (- )g). Let P be an initialized process. If T - X : Ay; A + P o then:

rec g
k
GT\X);0F AL g(P)g >0 (k>0)

wherex C fn(P) such that A\ x = 0,y =0 - m wherev is such that and indexedr A (v,X) and m = codom(g). Also, ® = ©,,0x(g) where
balanctid(Gp) with dom(®,,) = {clrc, Clrc+1’ .. "Clrc+LP1*—1} U {clr<+1’:"clrc+LP]=—~1} and G)‘u(c]rc) = ut.?(N);t ifg # 0, otherwise GP(CI';) = (N)
where N = (G(I), G(Ay - A))(Y). and Ox(9) = Uxedon(g) Cx : (Mx) where Mx = (G(I'), G(A,))(9(X)).

ProoF. The proof is by the induction of the structure of P. We consider cases when g # 0, as cases when g = 0 are similar.

(1) Case P = X. The only rule that can be applied here is RVAR:

N T X AAFXso (13)
Let x = 0 as fn(P) = 0. So, y = m where m = g(X). Since | X" = 1 we have ©, = {clrC : yt.?(ﬁ);t} where N = (G(M),G(A)(y). In
this case Ay, = A, thus N = M. We shall then prove the following judgment:

GT\x;0rAF _(X)4»0 (14)

rec gy
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By Tab. 3, we have:
Afoe §(X)g = BX.2@-K1GX

RVar PolySend

GT\x),X:0;0FX GT\x).X:0;7:MrgeoM (15)
q — —
G(T\x).X : O:¢y : (M), 7 : M cfI(§).X

Re

The following tree proves this case:

PolySend — —
(15) GT\x),X:0;7:MrysM

TG\ 0,X:0:0 - L 2(@)-cl @)X >0 (16)
TGN\ X0 F X 2@ @) X > o

where © = G),,,a : yt.!(M);t.
Case P = u;!(zj).P’. Let u; : C. We distinguish three sub-cases: (i) C = S = pt.!(C;);§’, (ii) C = S =l{C;); §’, and (iii) C = (C;). We
consider first two sub-cases, as (iii) is shown similarly. The only rule that can be applied here is SEND:

F-X:A”;A~ui:S/I—P'><> - X:ApAzrzj»C

Send 7 (17)
T-X oAy A-up oS- Ay ku!(zj).Pleo

Then, by IH on the right assumption of (17) we have:
g(r\f’);Q/ I—Ak+1 (P/)g[><> (18)

rec

where X’ C fn(P) such that (A,r : $') \ X’ = 0, and y’ =9’ U m where indexedr a ».s (07, X"). Also, ® = @L,@X where @;, such that
balanced((;);,) with

’N _ (a1 r r o r r
dom(®;,) = {cj,1: Cppps - "’Ck+LP'V+1} U{cl,p- '”ck+LP']*—1’Ck+LP’1*+1}

;nd @;,(clrﬂ_l) = ut.?(N’);t where N’ = (G(T),G(Ay - A-u; : S))(Y). By applying Lem. C.2 on the second assumption of (17) we
ave:

G- X:0u);G(A2) FZo G(C) >0 (19)

Let o = next(u;) and in sub-case (i) o7 = {#/a} where 7 = (uj11, . . SUirg(s)) and u = (uj, ..., U g(s)-1), otherwise (ii) o1 = . We
definex=%x",zandy=9y"01,Z - u;.

By construction X € P and (A -u; : S-A;) \ X = 0. Further, we may notice that y = v - m such that indexedr a ,;:s,A, (9, %) and
y’ =mU fnb(P’, 7). Let © = ©, Ox where

0, = G);,,c]rc :,utl?(l\~]);t, clrc+1 :yt.!(ﬁ');t
where N = (G(D), G(Ay - A-u; 2 S-Az))(Y). By construction and since | P1* = [P’]" + 1 we have
dom(®p) = {cfs Chpo -+ ey p1o—1} G2 ey preot)

and balanced(®,). By Tab. 3 we have:

Al e 5(P)g = X 2@ @) el T o) X | ANZL 1 (Plo)g (20)

where in sub-case (i) [ = i and in sub-case (ii) [ = f(S). We shall prove the following judgment:

k
GI\D;OF AL 4 (P)g>o 1)
Let Ay = A,u; : S, Az and u; = bn(u; : S). We use some auxiliary sub-trees:

T GT\D) X:0:0F Xvo (22)

PolyVar =

. . . . .’ 5 ’
poysend (22) GIT\X) - X:0;G(Aujo:S") ry'o1» N (23)

GT\%)-X:0;0,G(Aujc:S’') + C,rcH!@'ffl)-X” o
Here, in typing the right-hand assumption, we may notice that in sub-case (i) G(u; : S) = u; !/ {(G(Cz));end, G(S”) and G(ujo : S’) =
Ui+1 : G(S") where ujy1 = (4i1,. .., Uir|G(S) |). So right-hand side follows by Def. 4.12 and Lem. C.1. Otherwise, in sub-case (ii) by
Def. 4.4 and Def. 12 we know G(u; : S) = G(ujo : S’) and by definition u; C m C y’ 0.
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G

~

(23) (19)
PolySend — (24)
GI\X) - X:6:0,G(A1) Ful(z).cp (y'o1) X >0
PolyVar _
palyrey — 22 G\ X:0:G(A) + 7o N
G(T\%) - X :0;0 + ¢ 2(h)uy!@).c;  (F'o1). X >0 .
Rec

G(T\X): 0+ uX.c;2(5).y!(@) (7 01). X 0

We may notice that by Def. 4.4 and Def. 12 we have G(A1) = G(A),u; : G(S),G(A;) So, in sub-case (i) as u; = u; we have
G(A1)(uy) =1{G(C;)); end. In sub-case (ii), by Lem. C.5 and as u; = us(s) we know G(A1)(u;) = pt.!{(G(C;));t. The following tree
proves this case:

@5  (18)
G\ 50 b pX.cL2(@.uy!@)-cl, (Fo0) X | AR (Plo)gmo

rec y'oy

a (26)

Note that we have used the following for the right assumption of (26):
Ak+1 (P/) =, Ak+1 (P/O')

rec y rec y'o;
Case P = u;?(z).P’. We distinguish three sub-cases: (i) C = S = ut.?(C;);S’, (ii) C = S =?(C;); S’, and (iii) C = (C;). The only rule that
can be applied here is Rcv:

F-X:AF;A,ui:S',AZI—P'>o L-X:ApAF2C @7)
Rev
(T\2)-X:ApAui:Sru?(z).P eo
Let X" C fn(P’) such that (A-u; : $" - Az) \ X" = 0 and " = v U m such that indexedr a 4.5 (0", x"). Also, ®" = 61/1’ ©x (g) where
baIanced(@I’l) with

dom(®,) = {hp> Gy > k141 IG5 e ot}
and ©j,(cp, ) = ut.2(N);t, where N’ = (G(T), G(Ay - A-u;:S))(Y’). Then, by IH on the right assumption of (17) we have:

= k
GT\X);0) - AT 5 (P) >0 (28)
By applying Lem. C.2 to the second assumption of (17), we have:
G(I)-X:0,G(72) Fz>G(0) (29)
Let o = next(u;) and in sub-case (i) o1 = {#/i1} where 71 = (uj11, . . SUirg(s)) and u = (uj, ..., Ui g(s5)-1), otherwise in sub-case (ii)

o1 = €. We define x = X’0 \ zand y = y’0; \ z with |z] = |G(C)|. By construction x C fn(P) and (A, r : S) \ X = 0. Further, we may
notice that 7 = v - m where v is such that indexedr a .5 4, (2, %) and y = m U fnb(P’, 3z). Let © = ©, ©x where

0, =0, cf : pt.2(N)stoch |« ptl(N);t
where N = (G(D), G(Ay - A-u;: S, A2))(7). By construction and since | P1* = | P']T* + 1 we have
dom(©y) = {c. cpp s "’CIZ+LP1*—1} U{cf, - "’Clrc+LP]*—1}

and balanced(®,,). By Tab. 3, we have:

Afee 4(Plg = BX.2@ 42 @).cp, T o) X | ARLL 5 (Po)g (30)

where in sub-case (i) [ = i and in sub-case (ii) [ = f(S). Let I} =T \ x. We shall prove the following judgment:
G\ z);0F AF §(Plg>o (1)

We use some auxiliary sub-trees:
N o) X :0;0F Xovo (32)
PolyVar — —
Poysend (32) G- X:0;G(Auy: S, Az) Fy'o1> N’ (33)
G(D) X :6:0,G(A) r o, o) X = o
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Here, in typing the right-hand assumption, we may notice that in sub-case (i) G(u; : S) = u; :2(G(Cz));end, G(S”) and G(ujo : S’) =
Uj+1 : G(S) where Uiy1 = (Uis1, - - ., Uiy g(s)|) and by definition ujy1 C 3" 01. So right-hand side follows by Def. 4.12 and Lem. C.1.
Otherwise, in sub-case (ii) by Def. 4.4 and Def. 12 we know G (u; : S) = G(ujo : S’).

(33) (29)

PolyRev — (34)
G(T\2)-X:0;0,G(Au;:S) + ul?(E).cI’<+1!(y’0'1).X> o
PolyVar ~
. (34) G(T\2)-X:0;G(Ar:S)ry>N
olyRev —
. G(T1\z)-X:0;0+ cZ?(’g}).uﬂ(’i).cZH!(y’ol)AXx><> (35)

G(T1\2);0 + pX.cp 2(y).w?(2).cp, Ky o1) X >0

We may notice that by Def. 4.4 and Def. 12 we have G(A1) = G(A),u; : G(S),G(A;) So, in sub-case (i) as u; = u; we have
G(A1)(w) =2(G(Cz)); end. In sub-case (ii), by Lem. C.5 and as u; = ug(s) we know G(A1)(uy) = pt.?(G(C;));t. The following tree
proves this case:

(35)  (28)
G(T1\2):0 - pX.cp2(§)w?(2).cp, G o)X | ALY, (Plo)g

rec y'oy

Pa (36)

Note that we have used the following for the right assumption of (36):
Ak+1 (P’) =, Ak+1 (P’o‘)

rec g’ rec y'o;

(4

~

Case P = Q1 | Q2. The only rule that can be applied here is PAR:

, F-X:ApArQreo - X:ApsA2 Qoo 37)
T-X:ApALAFQr | Q2o

Here we assume frv(Q1). So, by IH on the first and second assumption of (37) we have:
G \x1);01 F AN, 4 (Q1)g>o (38)
G \x1);02 F AR (02) 9> o (39)
where for i € {1,2} we have x; C fn(Q;) such that A; \ x = 0, and y; = v; - m; where v; is such that indexedr s, (v1,%;) and
m; = codom(g;). Further, ®; = @L - ©x(gi) where
L I I
dom(®,,) = {¢} 1> Cppps - "’C/r<+LQ11*} U{cf,p- "’clr<+[Q11’}

2N _ r r r
dom(©y,) = {Chypurs Cheatrrr > Chal |01

and O} (¢, ) = pt.2(N');t and O} (cp ;) = (N?) with N' = (G(T), G(Ay - Ai)) (7). Let A = Ay - Ay We define ¥ = Xy - % and

Y = Y1 - Y2. By construction X € fn(P) and (A1 - Az) \ X = 0. Further, we may notice that 7 = v - m where m = codom(g) and
indexedr A (o, x). We shall prove the following judgment:

k
Q(F\ﬂ;@l—Arecg(P)g>o (40)
where ® = 01 - ©, - ©’ with
0 = clrC s pt.2(N);t - clrﬁ1 s pt(Np);t
By Tab. 3 we have:
k SV ~ k+1 k+1+1
Afec 3(P)g = mX.cp2(@)-(cp, MT1)-X | epypyy G20 [ AT 5 (Q1)g | AT, (Q2)0

We use some auxiliary sub-trees:

MG D X0 ore  GI\D X0 Nyr e (@)
GI\D) -X:05G: Nak el U72)
Rvar PolyVar — —
GT\x)-X:0;0"FXvpo GT\X)-X:071: Ny ry1» N
™ G(T\%)-X:0%0" -3y : Ny kel WG1).Xpo (41) (42)

Par

G\x)-X:05;0" 3y
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®)

PolyVar

(42) GT\%)-X:0:7:Nry>N
G(T\%)-X:0%0" ki 2(@).(cf, \G1).X | e, \Ta)) > o (43)
G\ 0" kX 2(§)-(f 1 T1)-X | epp,, HT2) >

Rv

Rec

The following tree proves this case:

(38)  (39)
(43) GI\T;OF AL (Q1)g | ARZH (Q2)g, >0

Par

G(T\2):01 - Op b pX.cp 2(Y)-(cp, 1T X | ¢, 1KT2D) | AREE (Q1)g | ARTE (Q2)0 > 0

Case P = (vs : C)P’. We distinguish two sub-cases: (i) C = S and (ii) C = (C’). We only consider sub-case (i) as the other is similar.
First, we a-convert P as follows:

P =4 (vsy: C)P'{5151/s5}
The only can that can be applied is REsS:
T;Au-A-s1:S-57: S+ P/{5151ss} » o

ResS — (44)
LA, - A (vsy: S)P'{s151/ss} b o

By IH on the assumption of (44) we have:

GIL\R;0 kAL 4 (P/{515s5})g > 0 (45)
where ¥’ C fn(P) such that (A-s; : S-57:S)\ ¥ =0, and J’ =7’ U m where indexed, A~51:S'§:§(F’ x’). Also, ® = 9;,, ©x where
9;1 such that balanced(@ﬁ) with

S -
dom(©y,) = {c) 1> o o> G pr1oea ) YAy 5 Oy pryg)

and ©),(cf, ) = put.?(N");t where N’ = (G(T), G(Ay - A+ s1: S+ 51 : 9)(T).

We define x = X’ \ (s1,51) andy = 7" \ (’s'-g) where s = bn(sy : S) ands = bn(sT : S). By construction ¥ C fn(P) and A \ X = 0.
Further, § = o - m where indexedr A (v, X).

Let ® = ©, ®llll where

0/ = ¢ : pt2(N)st el pt.l(N);t
where N = (G(D), G(Ay - A-u; 2 S))(Y). By construction and since | P1* = [P"]" + 1 we have
dom(®y) = {cp Chyp- > Chy -1t YA clr<+LP]*—1}
By Tab. 3 we have:
Ak §(Plg = BX.(vS: G(O)er 2@ T X | Ak o (P55} )

We shall prove the following judgment:

g(r\?c);(%A’;ecg(P)g»o (46)
We use some auxiliary sub-tree:
Rvar PolyVar — — —
G() - X:0,,0FXvo G() - X:0,;G(7),s:G(5),5:G(S)ry' >N’ (47)
PolySend

G(I)-X:6,;0,-G(A)5: G(S),5: G(S) F g7y X v o

The following tree proves this case:
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PolyVar

(47) G():G(A) F >N
G(T\X) - X:0}:0/-5:G(5).5: G(5) F x?(§) T {F') X >0
GI\%) -X:0/:0) F (v5: G(S)ex?()) Tt (T) X » 0
G(T\ D)0/ + uX.(v3: G(8))ck?(@) Tk {T) X » 0 (45)
" GI\D0 X (5 G8)e? D)X | A, (P1553s5) ) g o

PolyRev

PolyResS

Rec

Pa

This concludes the proof.

THEOREM 3 (TYPABILITY OF BREAKDOWN). Let P be an initialized process. IfT; A + P> o then

W*(F\D;?—(*(A\ﬂ,@rAg(P)w (k > 0)

wherex C fn(P) and y such that indexedr A (y, x). Also, balanced(©) with

dom(®) = {cg, k41, - - > Cka|P|=1} Y {Chka1> - - -+ Cka P11}

and ©(cy) =?(M); end, where M = (H* (T), H* (A)) (D).

Proor. By induction on the structure of P. By assumption I'; A + P »> ¢ . In total we consider nine cases. We separately treat Input and
Output cases depending on whether a subject name of the prefix is recursive.

®

@

Case P = 0. The only rule that can be applied here is N1r. By inversion of this rule, we have: I'; @ - 0. We shall then prove the following
judgment:

G():0+ B’; (0)>o (48)
where x C fn(0) = € and © = {¢; :?({end)); end}. Since by Rem. 1 we know that c;?().0 stands for c¢;?(y).0 with ¢ :?({end)); end.
By Tab. 3: Bl_.‘ (0) = cx20).0.

The following tree proves this case:

Nil ———————————
1 I';0;0+-0>0 cx ¢ dom(T)

Sh
I';0;c :end - 0> 0 I';0 + y» (end)
GT),y: (end);0 r 2005 0
where I’ = G(T), y : (end). We know ¢ ¢ dom(T') since we use reserved names for propagators channels.
Case P = u;?(z).P’. We distinguish two sub-cases, depending on whether u; is linear or not: (i) u; € dom(A) and (ii) u; € dom(T). We
consider sub-case (i) first. For this case Rule Rcv can be applied:
T;Au;:S,A, P >0 T;A, 2z C
Rev 7 (49)
T\ zAu:2(C);SFui?(z).P' >0

By IH on the first assumption of (49) we know:

GI):G(A), O+ BE (P) oo (50)

End

Rev

where X" C fn(P’) and y” such that indexedr A (7', x"). Also, I} =T \ x’, A] = A\ X", and balanced(®;) with
dom(®1) = {cg+1, - - > Chea | P} Y {Chuzs - s Chr [P}

and ©1(cx41) =2(M’); end where M’ = (G(T), G(A, u; : S, A)) ().
By applying Lem. C.2 to the second assumption of (49) we have:

G():G(A2) Fz> G(C) (51)

LetX¥=X",u\ zand J = 7’0, u; \ Z such that |z] = G(C) where o = {?/u} with 71 = (ujr1, .. SUir|g(s)) and U = (Ui, . . ., Uip|G(S)|-1)-
We may notice that by Def. 4.12 indexedr A (7, x) holds. We define © = ©1,©’, where

o = Ck :?(M);end’%T 1!<M/);end
WlthM = (g(r)’ Q(A,,ui ?(C),S))(g) By Def. 45, |_P-|\ — |_P/-|* +1s0

dom(®) = {cg, - .-, s P =1} U {Ckats - - > Cr [ P]—1)
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and O is balanced since ©(cy, ;) dual ©(cx;) and ©1 is balanced. By Tab. 3:
8’5 (4:?(2).P") = cx2(§).wi?(2) Tea1 (T 0).0 | Bgf’; (P {uisifu;})

Also, let Iy =T \ X and A; = A \ X. We may notice that A; = A]. We shall prove the following judgment:

G\ 2):G(A1),© + B (ui?(2).P')

We type sub-process ci?(y).u;i?(z).Crz1'(y’).0 with some auxiliary derivations:

Nil

'GM):0F 000

End
G(T);Crrr:end k0> o

PolyVar —
poysend (52) G(I);G(A\ AL uiy1 :S),G(A) Y oe M
G(T);epyr :(M')send, G(A\ Ay, uizr : S), G(Az) F
- Cr1{(g'o). 050
G(D);Crar {M’);end,u; : end, G(A\ Ar,uipy : S), G(A) +
k1Y’ 0).05 0
(53) (51)
PolyRev —
G(T\ 2);u; :2(G(U)); end, ¢y :{M);end, G(Az) +
u?(2) ey (Y’ 0).05 0
End

G(T\ 2);Cyy (M) end, ¢ : end, G(Az) +
ui?(3) Ty (§0) 0 0
PolyVar ——
(54) G(I'\2);G(A2) Fye M
G(Ti\2);0" F e ?(y).ui?(2) T (Y 0).0> ©
where Ay = A u; :?(C); S\ A1. Using (55), the following tree proves this case:
(50)
G\ 2); G(A1),01 F
(55) Bgf; (P/{uiﬂ/ui}) > o
G(\2);G (A1), O F
ek ?(9)-ui?(2) TG 0).0 | B (P {inifus}) o o

Note that we have used the following for the right assumption of (56):
k+1 — k+1 X
BYP') =0 B0 (i)

PolyRev

(52)

(53)

(54)

(55)

(56)

Next, we comment the case when u; ¢ X. In this case Ay = A\ X, u; :?(C); S. Hence, in the right hand-side of (56) instead of G(A1) we
would have G(A \ X, uj+1 : S) and in the left-hand side we have u; :?(G(C)); end as a linear environment. Then, we would need to
apply (C.1) with {¥i/u;41} to right-hand side before invoking (50). We remark that similar provisos apply to the following cases when

the assumption is u; ¢ x.

This concludes sub-case (i). We now consider sub-case (ii), i.e., u; € dom(T'). Here Rule Acc can be applied:

T;0 Fuj»{(C) IAz:CrP' b0 I;z:CrzvC
[;A Fu?(z).P b0

Acc

By IH on the second assumption of (57) we have:
’ k
G(I):G(A7). 01+ B (P') w0
where " and " are as in sub-case (i). Also, I} =T \ " and A] = A\ 7" and balanced(©;) with
dom(®1) = {Ckt1, -+ -» Cha | P} Y {Chazo - - s Cha [P}
and ©1(cjq1) =?(M’);end where M’ = (G(T), G(A,z : O)(F').
By applying Lem. C.2 to the first and third assumptions of (57) we have:
G(I);0Fu;i>(G(C))
G(M);G(z:C)+z>G(C)
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We definex =x" Uu \ zand y = 3§’ U u; \ Z where |z] = |G(C)|. Notice that indexedr (7, x). Let Ty =T \ x. We define © = 01, 0’,
where

e = Ck :?(M);end,m :!<M/);end
with M = (G(),G(A))(y). By Def. 4.5, |[P]* = |P’]" +1s0

dom(®) = {ck, .-, ks P =1} U {Cha1s - - > Crr [ P]—1}

and O is balanced since ©(cy,;) dual ©(ci;;) and ©1 is balanced.
By Tab. 3, we have:

B’; (wi?(2).P") = ek ?(7).ui?(2) Geag ()0 | 8’5,“(10’) (61)
We shall prove the following judgment:
G(N);G(A1), O F B (ui2(2).P') > o (62)
To this end, we use some auxiliary derivations:

N ——————
End G(T);0;0+-0>0 )
G();0;¢pq:end 0> 0

PolyVar ———
polysend —— 0 _ G();G(02),z: G(O)rY' » M (64)

G(D);Chpq MM );end, G(A2),z: G(C) + m!<?>.0 o

(9 (64) (60)
PolyAcc —
Gy MM )send G(Aa) b ui?(2) Tt (F).0% 0 (65)
G(D); ey H(M");end, ¢k : end, G(A2) F u;?(2) Cerg(T7).0 > 0
PolyVar ——

PolyRev (65) G(I);G(A2) Fy> M »

G(1); 0" F e ?2(y).ui?(2) ey Y ).0>
where Ay = A\ A;. Using (58) and (66), the following tree proves this sub-case:
(66) (58)

G(I1): G(M).© + i 2(7).-ui?(2) T )0 | BE (P) o0
Note that if u ¢ fn(P’) we need to apply Lem. C.4 with u; to the right assumption of (67) before applying (58). This concludes the
analysis of the input case.

Case P = u;!(z;).P’. We distinguish two sub-cases: (i) u; € dom(A) and (ii) u; € dom(T'). We consider sub-case (i) first. For this case
Rule SEND can be applied:

Pa

(67)

T;ALu; :SEP »o [5AFzj»C ui:SeA
Send (68)
;A Fuilzj).P' oo

where A = A1, Az, u; :1{C);S.
By IH on the first assumption of (68) we have:

Q(T{);Q(Ai), O + Bg,ﬂ (P') >0 (69)
where X" € fv(P’) and y” such that indexedr a,u,:5(y’,x’). Also, I} =T'\ ¢, AT = A1 \ 7, and balanced(®) with
dom(@l) = {Ck+1’ R ck+|_P’-\*} U {m, . ’W}

and ©1(cg41) =?(My); end where My = (G(T), G(A1, u; : S))(F)).
By Lem. C.2 and the first assumption of (68) we have:

G(I):G(Az) Fz>G(C) (70)

where Z = (zj, ..., Zj4|g(C) |-1)- We assume X = X', u, z. Since X" C fn(P’) follows that X C fn(P). Let § = §’0, u;,zZ where o = {"u}
with 7' = (i1, -, Ui |g(s)) and & = (wis . - -, Uit |G (s)|-1)- We have Z = fnb(z, 7). By Def. 4.12 follows that indexedr A (y,X). We
define ® = ®4, ®’, where:

@’ =¢j :?(M); end, Gipy /(M ); end
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with M = (G(T),G(A))(y). By Def. 4.5, we know |P]* = [P’]* + 1, so

dom(®) = {ck, - - +s ke | P11} U {Chkats -+ > Chr (P11}

and O is balanced since ©(cy, ;) dual ©(cx;;) and O is balanced.
By Tab. 3, we have:

B]El(ui!(z).P’) = ¢ 2() ui!(Z).Ck1 17 0).0 | :B’g,,*; (P’ {ui1/u;})

Letly =T \x =T and A\ x = A
We shall prove the following judgment:

G(M):G(A]).0 + B (uil(2).P’) >0 (71)

To type the sub-process ck?(@).ui!@').ckﬂ y").0 of Bg (ui!(z).P’) we use some auxiliary derivations:

Nl ————
End GI)s0F 0> (72)
G(T);cpzr:end k0>

PolyVar —
(72) G();G(ALuiv1 : S\ A FY o> M
G(D): Ty H(Mr);end, G (Aruirs : S\ A]) + 73)
k1 {y'o). o
G(D); Ty MM )send,u; : end, G(Ar,uier = S\ A)) +
Ck+11(y'0).0> 0

PolySend

End

(73) (70)

G(0);G(A\ A, T {M;);end +
uil(Z) 1 170> 0 (74)

G G(A\ A, Teag My );end, ci : end F
w3 G0 o

PolyVar

PolyRev (74) G(I);G(A\ Ai) Fy: M (75)

g(l"l); o'+
(@) (E) T (T).0 0

Using (69) and (75), the following tree proves this case:

Send

(69)
(75) G(N):G(A). 01 k BEFL (P! {Mint/ui}) » 0 (76)
G(I1):G(A). O+ BE (uil(z).P') » o
Note that we have used the following for the right assumption of (56):
B (P') =a B (P {Hinfur})

Par

We now consider sub-case (ii). For this sub-case Rule REQ can be applied:

I;0+uv>{C) I;A1»P'bo T;A, -z C
! ;A1 AL Fui(z). P b o
Letx” C fn(P’) and y such that indexedr a, (¢, x”) . Further, let IY =T\ x” and A] = A1 \ x”. Also, let ©; be environment defined as
in sub-case (i).
By IH on the second assumption of (77) we have:

(77)

GI);G(A), 01+ BE (P) po (78)

By Lem. C.2 and the first and third assumptions of (77) we have:
G0 Fui>G(C)) (79)
G():G(Az) 2> G(C) (80)
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We define ¥ = X’ UzUu and § = ¥ UZ U u; where |z] = |G(C)|. Notice that indexedr A (7, %). Let T} =T \x =T} \uand A\ x = A].
By Tab. 3, we have:
B (uil(2).P’) = e ?(§) ! (Z) a1 (7).0 | B (P)
We shall prove the following judgment:
G(): (A, O + BY (uil(z).P')

We use some auxiliary derivations:

e G(T);0;0+0>0 POl
End 22 olyVar ——

s G();0;Chyq :end - 0> 0 GO G(AN\AD FY My (81)

olysend e

G(I):G(A1\ A}, Char :HMr)send kT 1(Y7).00 0
PolyReq (79) — (81)~ (80) — (82)
G(T);G(A1\ A)),Cag HMi);end,Z: G(C) F u;!(Z) Cr 1(7)).0> 0
PolyVar — ——

Polykev (82) g(r)3A1 \ Al, zZ: g(C) Fy> M (83)

G(T1); 0" F o ?(9).ui(Z) e (7)) .05 0
The following tree proves this case:
(78)
(83) G(I1):G(A]). 01 + B (P') o (84)
G(I1): G(A]).© r B (uil(2).P') o

We remark that if u; ¢ fn(P’) we need to apply Lem. C.4 with u; to the right assumption of (84) before applying (78). This concludes
the analysis for the output case P = u;!(z).P’.
Case P = (vs : C)P’. We distinguish two sub-cases: (i) C = S and (ii) C = (C). First, we a-convert P as follows:

P =4 (vsy : C)P'{5151/s5}

Par

We consider sub-case (i) first. For this case Rule REsS can be applied:

T;A,s1:S5,57: S+ P{s151/ss} b o
ResS — (85)
T;AF (vsy: S)P/{S151/s5} b o

By IH on the assumption of (85) we have:

GT\F;G(A\Ks1:5,57:5),01 + By (P {s157/55}) » o (86)
where X C fn(P’) such that s1,57 ¢ X and y such that indexedr a (7, x). Also, balanced(©1) with

dom(©1) = (¢, ., e 11} U Tt - a1}
and ©; (cx) =?(M); end with M = (G(T), G(1)) (@)
Note that we take © = @1 since | P]* = | P’]". By Def. 4.1 and Def. 4.4 and (86), we know that:

G\ D:G(A\R).T: G(5).5: G) v BE(P (55/s3)) » o (87)
where s = (sq, .. .,s‘g(sﬂ) ands = (s1,... W) By Tab. 3, we have:
Bg((vs)p') = (vs: g(s))zag (P'{5151/s5})

The following tree proves this sub-case:

PolyResS £87) — (88)
GT\R):GA\D) + (v5: G(9)) By (P'{151/s5}) » o

We now consider sub-case (ii). Similarly to sub-case (i) we first a-convert P as follows:

P =4 (vs1)P'{%1/s}

For this sub-case Rule REs can be applied:
ey o812 (ChsAF P'{sy/s}vo
“ A (vs)P {SYs) e o
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By IH on the first assumption of (89) we have:
G\ %512 (0): G(A\ D), 01+ B (P {sy/s}) > 0 (90)
where X C fn(P’) such that s; ¢ X and y such that indexedr A (7, X). Also, balanced(©1) with
dom(©1) = {ck, - k| P71} U {Chrts - - > Chor | P =1}

and ©1(c) =2(M); end with M = (G(T), G(A)) (7).
Here we also take © = ©; since | P]* = [ P’]*. We notice that by Def. 4.1 and Def. 4.4 and (90):

G\ %),51: GUC);G(A\ D), 01 + B (P'{51/5}) > o (91)
By Tab. 3, we have:

BE((vo)P) = (vs1: GUC) B (P{s1/5})

The following tree proves this sub-case:

PolyRes (91) (92)

GIT\D:G(A\T).OF (vs1: GUC))BE (P'{/s}) » o
Case P = Q | R. For this case only Rule PAR can be applied:
A1 FQpo A2 FR>o

Par (93)
I5A1, A2 FQ [ Re0

By IH on the first assumption of (93) we have:
G G(A]), 01+ BE(Q) »o (99)
where X1 C fn(Q) and y; such that indexedr a, (§1,¥1). Also, I =T \ X1, A] = A \ X1, and balanced(®©;) with
dom(©1) = {cgs1 - s k|01 } Y {Chazs - -+ Chr O]}

and ©1(cis1) =?(Mh); end with My = (G(T'), G(A1)) ().
By IH on the second assumption of (93) we have:

G(1}):G(A)), Oz - BET(R) w0 (9)

where X C fn(R) and 3 such that indexedr a, (72, X2) and I = |Q|. Also, I, =T \ X2, A} = Az \ X and balanced(®©2) with

dom(©2) = {Ck+1415 - - - Chl4|R]* F Y {Chat2s - - Chalr R}

and @ (cg4141) =2(Mp); end with Mz = (G(I). G(A2)) (72)-
We define X = X1 U x2. We may notice that X € fn(P) since fn(P) = fn(Q) U fn(R). Accordingly, we define § = 71, y2. By definition,
indexedr a, A, (¥, %) holds. Further, let M = (G(T), G(A1, A2))(y). We define © = 01, O, ©” where:

@ =c; :?(M);end, Trpy {My); end, Trazey {(Ma); end

By construction © is balanced since ©(c1) dual O(cry1), O(cryys1) dual O(cgii+1), and ©1 and O, are balanced.
By Tab. 3 we have:

BE(Q | R) = e 2(§)-ChrG1) Cratan 1 (@2)-0 | BT (Q) | B (R)
We may notice that 77 = fnb(Q,7) and y2 = fnb(R, 7) hold by the construction of 3. Let I} = I' \ X. We shall prove the following
judgment:
G(T): G(A],85),© F k2(§)-Tat 1) Treaten ! 2)-0 | B (Q) | B (R) » o

To type ¢ ?(Y).Cra1' (Y1) -Chri+1'{Y2) .0, We use some auxiliary derivations:

Nil

G0k 0

End PolyVar —
I);Crzi+1 :€Nd F O T); G(A2),+z> M
PolySend G(T); China ) _ G(T1);G(A2) 2 (96)
G(T); G(AY), Cairr HMz)send b Cprp1(2).0> 0
End

G(); G(AY), Chaln 1(My); end, Cre1 © end F Crpp411(2).0 > 0
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PolyVar — —
poysend (96) G();G(A1) Fyi> M
g(r); Q(A', Aé), Ck_,:l :!<M1>; enij, Chtl+1 :!(Mz); end + (97)
- ka1 Y1) Cheair1 (Y2).0> ¢
G(T):; G(A], A, T :!@g;end,—ckim {My);end, ¢y : end F
Crr1 (Y1) Chriz1 (Y2).0>
PolyVar ——
ol (97) G(I);G(ALA) FX=M (98)
olyRev —— — —
G(T1); 0 + e ?(Y) -1 (Y1) -Chei1(Y2).0 > ©
. (94)
(Lem. C.3) with I‘I’ \ I o (99)
G(M);G(A1), 01 - BL(Q) > o
: (95)
(Lem. C.3) with Ty \ Ty (100)
G(11); G(A}), 0, + BEHL(R) o o
Y2
99 100
e A N (k+1) k+1+1 (101)
G(1);G(A},A;), 01,02 + BEFH(Q) | B (R) > o
The following tree proves this case:
. (98) (101)
ar
G(M):;G(ALA)). O+
ek ?(9)-Tert 1) Tt 1T2)-0 | BEFH(Q) | B (R) oo
(6) Case P = uX.P’. The only rule that can be applied here is Rec:
ILX:A;ArP' b0
7 (102)
AR pX.P
We remark that by (102) we know x : S € A = tr(S). Then, by applying Lem. C.6 on the assumption of (102) we have:
G(r\%);0+ Ak g (P)geo (103)

We take x” = fn(P’), so we have A \ x” = 0. Further, 7’ is such that indexedr A (7", X"). Let ®’ = ©, ©x (g) with ©x(g) = ¢ : (M)
with M’ = (G(T'), G(A))(T"). Further, ¥ C P’ and 7’ such that A \ x’ = 0 and indexedra(y’,x"). Also, balanced(@l'l) with
dom(©;,) = {cp, - "’Clr<+LP’]*} U{cp,p-- "clrc+LP’1*}
where ©),(cx41) = ck 2(M’); end.
Let I = | P’]* and 7 such that [§’| = |Z]. Further, let ¥ C fn(P) and § = bn(% : S). By definition we have ¥ C ¥’. By Tab. 3, we have:
BE(P) = (vl (ex? @), M) 1X i 2(F) cf, 1@X | AREL L (P)g)
Let 0, = ©, - ©,/ where:
Oy =cf : pt.2(M)st-cl_: ptl(M');t

We shall prove the following judgment:

GT\R):G(A\T) - Ay + BE(P)»o (104)

Let @) =l : pt.2(M’);t - g : pt.}(M’); t. We use some auxiliary sub-trees:

PolyVar

RVar ~
. G\%).X:070"FXeo G\ D). X:0"G(A) 170 M (105)

G(T\%),X:0":G(A),0" ke 1(Z).X>o
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PolyVar

Polyrer 0% GT\D:;G(A) +Zo M
G \%),X:0"0" r ¢ ?2(3).cp, (B X v o (106)

Rec p—
G(T\x);0"+ pX.c;(?(E).clrﬁl!(E),X >0
where @ = i :,ut.!(]\71);t, c :yt.?(]\71);t.

PolyVar —
PolySend _(106) _ g(r \~;C-), g(A) [ y > M (107)
GT\D):;G(A), e+ pt (MYt el - pt2(M)st - cf 1) uX e ?(3).ch, WZ) X > o
PolyVar —
PolyRev (107) g(r \ Ff); y: M+ y»> M (108)

G(T\X);G(A\X) - O] - cf : pt.2(M);t ck?@').c]z“!(g’).yX‘c;(?(Fz‘).cl';j!(z—).Xl><>
The following tree proves this case:
(108) (103)

Par p— p—
G\D:GA\D - 0+ O r 2@ <f,, F) XpX e 2B 1B X | AR (P) oo (109)
ResS p— p—
G\ GANT) - O+ (vel) (ex?(@) -, KTV XpX i) 1 (BX | AR (P)) oo

(7) Case P = r!{z).P’ when tr(r). For this case Rule SEND can be applied:

;A r:S"FP' vo T;A, F2z»C
Send (110)
;A r:S, A kri{(z). P bo

where S =I{C); S’.
Then, by IH on the first assumption of (110) we have:

GI):G(A), O+ BE (P) v o (111)
where x” C fn(P’) such that r € X" and §’ such that indexedr A ;.5 (y’, x"). By this follows that (r1,...,7g(s)|) € ¥ Also, I} =T\X’,
Al =A\7, and balanced(®;) with

dom(®1) = {cg+1, -+ > Cha | P} Y {Ckazo - s Chr [P}

and ©1(ci41) =?(Mh); end where M; = (G(I), G(A,r : $))(F).
By applying Lem. C.2 on the assumption of (68) we have:

G(T);G(Az) +z» G(O) (112)

We assume X = X’,z. Since X’ C fn(P’) follows that x C fn(P). Let y = y’,z where [z] = |G(C)|. By Def. 4.12 follows that
indexedr a5, (7, X). We define © = ©1,0’, where:

®’ = ¢t :2(M);end, cgpy :1(M;); end
with M = (G(T), G(A, r : S, A2))(y). By Def. 4.5, we know |P1* = [P’]* + 1, so

dom(®) = {ck, -, ks Pl —1} U {Chats - - s Chr [ P]—1}
and O is balanced since ©(cy, ;) dual ©(cx;;) and ©1 is balanced.
By Tab. 3, we have:

Bg(r!(z).P') = ek 2(9)-rp(s) {Z) T 170 | B’;,“ (P

Letl; =T \x =T and A\ x = A].
We shall prove the following judgment:

G(M);G(A)), O+ Bg(ruz).P') >0 (113)

Let A1 = A,r : S, A;. To type the left-hand side component of B’; (r!{z).P’) we use some auxiliary derivations:

il ————
E i Q(T),@ FO»o PolyVar
T G(0)iCiay end F 050 GI):G(Ar:S\ A} +T > M (114)

G(D);hrr (Mi)send, G(A 1 : S\ A]) Ty (T7). > o
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(114) (112)

G(D):G(A1\ A)), Thgy Ma)send k rp(s) (Z) et (F7)-0 > © (115)

G(I);G(A1 \ A}), Czr H(Mi)send, ¢k < end + rr(s)(Z) G (7').0 o
PolyVar —

(115) g(r)ig(AI \Ai) "gDM (116)
G(11); 0 + e 2().rp(s)(2) a1 (§")-00 ©
We may notice that by Def. 4.4 and Def. 12 we have G(A1 \ A]) = G(A),7: R*(S),G(A) \ G(A}). Further, by Lem. C.5 we know
G(A1)(rp(s)) = ptHG (Ot

The following tree proves this case:

PolySend

End

PolyRev

(111)
(116 GT):G(A).O1F B (P') >0 (117)
G(I1);G(A]), 0 F Bg(r!(z).P’) o
(8) Case P =r?(z).P’ when tr(r). For this case Rule Rcv can be applied:

;A r:S AP b0 ;AL 2z C
Rev (118)
T\z;A,r:S+r?2(z).P' 0

Par

where S =?(C); S’.
Then, by IH on the first assumption of (49) we know:

G(I{);G(A]), 01 + B’g‘,“ (P)>o (119)

where ¥” C fn(P’) such that r € X" and " such that indexedr,a,,.s(y’, x"). By this follows that (r1,...,r1gs)]) € 7'
Also, I] =T \ ", A] = A\ X", and balanced(®) with

dom(@l) = {Ck+1, .. "ck+|_P’T*} U {Ck+z, .. "Ck+|_P’]*}

and ©1(cx1;) =2(M’);end where M’ = (G(T), G(A, r : S, A))(T').
By applying Lem. C.2 to the second assumption of (49) we have:

G(T);G(A) +z» G(C) (120)

LetX = X"\ zand y = §’ \ Z such that |z] = G(C) where. We may notice that by Def. 4.12 indexedr a r.s(7, X) holds. We define
0 = 01,0, where

@’ =¢j :?2(M); end, Gpy :1(M’); end
with M = (G(I), G(A,, u; :2(C);S)) (7). By Def. 4.5, |[P]* = [P']* + 1 s0

dom(®) = {cg, ..., s P11} U A{Chats - - > Cr [ PT—1)
and © is balanced since ©(cg,1) dual ©(cx,;) and ©1 is balanced. By Tab. 3:

BY(r2(2)-P') = ok 2(§) rp(5)? (@) Tt @) .0 | B (P)
Also,let Ty =T \ X and A; = A\ x. We may notice that A; = A]. We shall prove the following judgment:
G \2);G(A1), 0+ Bg(r?(z).p')

Let A; = A,r : S. The left-hand side component of Bg (r?(2).P’) is typed using some auxiliary derivations:

Nil

] —
End Q(F),@ Foeo PolyVar —
potyseng G ()3 Chest 2 end k020 G G(A\ M)+ > M (121)
olySen: —
G(T);Char (M) end, G(A\ A1) F T ') .0> 0
(121) (120)
Rev

G(T'\ 2);Cry M) end, G(A2) F rp(5)?(2)-Tr (F)-05 0 (122)
G(T'\ 2); Ty HM’)send, ¢  end, G(A2) F rp(s)?(2) Cp1 (T').0>

38

End




Minimal Session Types for the z-calculus

PolyVar —
(122) G \2:G(Ay) r 7> M (123)
G(T1\ 230 F e ?(@)-r7(5)2(2) g @) 0> 0

where Ay = A,r : S\ A;. We may notice that by Def. 4.4 and Def. 12 we have G(Az) = G(A),7 : R*(S) \ G(A1). Further, by Lem. C.5

we know G (Az)(rf(s)) = pt.2(G(0));t.
The following tree proves this case:

PolyRev

(119)
(123) G(I{\2):G(A1).01 F BE(P) >0 (124)
G(I1\2):G (A1), © + 2(1).rp(s)2(D) T HT')-0 | B (P') o

Par

©

~

Case P = (vs: ut.S)P’. For this case Rule RESS can be applied:

. . <.t Q ’
s A s pt.S,s:ut.S+P (125)
LA (vs:pt.S)P’

By IH on the assumption of (125) we have:
GT\X):G(A\T). 01+ 85 (P) (126)

withs'= (s1,...,81%(s)|) ands = (5y,. -s5|R(8)|)- - Accordingly, X" is such that 5,5 C x”. Since

where we take 7’ such that 5,5 C
’ (P’). Also, indexedr a, (¥, X") where Ay = A,s : pt.S,5 : ut.S. Also, balanced(©;) with

g’
lin(s) and 1in(s) we know X’ C fn
dom(@l) = {Ck+1, .. .,ck+|_P/v} U {C‘k+2, .. "Ck+|_P']*}

and O (cx41) =?(M"); end where M = (G(T), G(M))(T").
Lety=7"\ (55) and X =x"\ (s,5). Since 5,5 ¢ fn(P) we know X C fn(P) and indexedr A (7, X).
We define © = ©1, ®” where

@’ =cp :?(M);end, Tgpy 1(M'); end
By Tab. 3, we have:
BE(P) = (vS: R ek (@) -Tar )0 | BY, (P'))
We should prove the following judgment:
G \%;G(A\X).0F BE(P)»o

We use some auxiliary sub-tree:

PolyVar

Nil% : = - —
patysena ZAVOF 0P 0 GI:G(A NF) > M -

GI);G(ANT),5:R(S),5:R(S) + ! F).05 0

here we may notice that
G(ANT),T:R(S),5:RES)=G(ANT)
The following tree proves this case:

PolyVar =
(127) GIEGANT) Fy» M
b G\D:O.FR(S)5: R(S) b 2@ -G F) 020 (126) (128)
GT\D):G(A\F),0,5: R(S),5: R(S) k o 2(§) et ()0 | BE (P) w0

G(T\R):G(A\X),0 F (v5: R(9)(cx?()-Ter T)-0 | BY, (P)) =0

PolyRev

PolyResS
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C.5 Proof of Thm. 4 (Minimality Result, Optimized)
THEOREM 4 (MINIMALITY RESULT FOR 7, OPTIMIZED). Let P be a it process withu = fn(P). IfT; A + P>o then H* (To); H*(Ao) v F(P) > o,
where o = {init(w)/z}.
PRrROOF. By assumption, I'; A + P> ¢. Then by applying Lem. C.1 we have:
To;Ac + Poro (129)

By Def. 4.8, we shall prove the following judgment:

G(T0); G(Ao) + (vO) (E!(P.0 | B (Pa)) > o (130)
where ¢'= (ck, .. -, Cky | p1—1)s k > 0;and 7 = Uyes{on, - -, v1g(s)|} with o : S. Since v C fn(P) we know indexedrs,aq(7,2). Since Po is an
initialized process, we apply Thm. 3 to (129) to get:

G(T0);G(Ac\3),0 + BX(Po) >0 (131)
where © is balanced with dom(®) = {ck, Cis1s - -» Gy [ P =1} Y {Cht15 - - -» Cr  P17—1} and O(ck) =?(M); end with M = G(A) (7).

The following tree proves this case:

Nl —/—/——m———
g(ro—); Oroeo PolyVar

G(To);cr:endr 00 GTo)F:Mr7>M
. G(To);ce MM);end,7: M r cgl(F).0> 0 (131)
G(T0); G(Ao). ¢ {(M);end, ® + c!(7).0 | BX(Po)»o

End

Send

ResS
G(T0): G(A0) k (vO) ([@!(P)-0 | BF (Po)) > o
O
C.6 MST Bisimilarity
Now, we are ready to relate processes, modulo indexed names (Def. 4.13), using the relation ¢ defined as follows:
Definition C.1 (o Indexed process relation). We define the relation o as
[IPSND]
PooP’ vo a0 0= next(n;) (IPInacT]
n;!{(v).P o n;!{v).P’ 000
[IPRcv] [IPNEWs]
Pg o P’ vopc 0 o =next(n)) PoP’ My e Mo
n;?(y).P o n;?(y).P’ (vimy)P o (ving)P’
Definition C.2 (Minimal characteristic processes).
def
QO:9) E u?(0).(tKuirt, . i g (5))-0 | (O)F)
def
(O3S E wl(C)e) -t uisn, -, i g(5)))-0
(end)}' %ty
def
(NI m(C)e)-tur).0
def
(ut.S) = (S{end/e))y
def — —~
(S)e = 5 (= 16(5)|.5 fresh)
(O * @ (ar fresh)
Definition C.3 (Trigger Collections). We let H, H' to range over trigger collections: processes of the form Py | --- | P, (with n > 1), where

each P; is a trigger process or a process that originates from a trigger process.
Example C4. Let H; =t <c v:C | [C]* | t2!{uz).0 where v, t1, t, u, up are channel names, C a channel type. We could see that, [C]*!

and #;!(uz).0 originates from a trigger process. Thus, H; is a trigger collection.

Definition C.5 (Process in parallel with a trigger or a characteristic process). We write P || Q to stand for P | Q where either P or Q is a

trigger collection.
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P CE(P)
. 711 7-12 ’g: 1c\nb(Ql’)’E% E: fnb(QZsi)
Ql ” Qz {Rl “ RZ . Rl € Cg (Ql)aRz € Cf (QZ)} {ﬁ/)z_} — {ﬁl/g} . {112/2}
. <. il s=(s1,.--,816(C)|)
(vs:O)Q | {(vs:G(CO)R:CY (Q0)} o = {5157/s5}
Q {(vOR : R=cg!@) | BE(Q)}U{(vOR : Re TH(Q)} | T="fpn(R)
0 {o}
P JE(P)
y:SAY= (Y-, Ys)
w = (lin(n;)) ? {ni}: €
_ {n1p?(1) T ! @p) | BEY(Qo)} Z=fnb(Q, X7\ W)
o = next(n;) - {¥/y}
1= (tr(S))? £(S):i
Y:SAY=(Yjs- - YjsG(S)|-1)
w = (lin(n;)) ? {n;}: €
miu)Q | (mplTp) ! G) | B4 Qo)) e\
o = next(n;)
1= (tr(S))? £(S):i
) .Tar! Gp) | BE Bk y = fnb(Q1, %)
oo 3ck'<yp> kel (Zp) | y(Ql) | B;+(Q2)} Z ﬂ]be;,ﬂ
{(R1 | R) : Cgﬁl (Q1). Rz € C#(Q2)} ;)Z_L{Qﬁ}
— . n=fn(P)
XP {cl, \@p).uX 52 (7).ch, 1) X | : ’c‘~ A= bn(7 : 0)
AR (P)) Z=XUm 2= ]
g={X—m}
0 {0}

Table 4: The definition of C,? (P) and jfca (P) (core fragment).

Definition C.6 (Propagators of P). We define fpn(P) to denote the set of free propagator names in P.

Definition C.7 (Depth of recursive variable). Let P be a recursive process. We define recd(P) to count sequential prefixes in P preceding

recursive variable X or a subprocess of shape pX.Q. Function recd(P) and recd’(P) are mutually defined as follows:

d(p) recd’(P) if frv(P)
rec =
0 otherwise
recd(Q) +1 ifP=a.Q

recd’ (P) = recd(Q) + recd(R)

ifP=Q|R

ifP=pX.QorP=X

recd(Q)

if P=(vs)Q

Definition C.8 (Name breakdown). Let u; : C be an indexed name with its session type. We write bn(u; : C) to denote

bn(u; : C) = (uj,.

Function bn(-) is extended to work on a list element-wise, as follows:

bn((uj,...,u7) : (C1,...,Cn)) =bn(uj : C1) ... bn(u] : Cpn)
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P ci(p)
Crec x(yX Q ) ifQ = ag-0g—1- - d—p- (Px |R) and yX Q isa subprocess ofPX
o i x ¢ =fpn(R)
Q {(VOR : Re {ge@ | B5(0) 1@ | K (0)}} o = i3)
U{(vO)R : Re j” (Qu jrlgcxp(Q) } otherwise
(VD) (X 2@ KT X | R | 25 UDX : Re TE_(0)3) UN
where: L
(VD (uX. 2 @), @) X | R 7= fpn(R)
ci (Q)d . ct N(xp). pchr?(,‘{) CLNX)X) Rej;lgcx(Q)g} ifg#0 g:fps}EQQ*)
(VO (uX.c420. 10X | R g
10 |£X.c]’(?().(c;<!() | X)) : Re jr’ecc x(Q)g} otherwise p = {#z}
N= {{(VZ)(clrc!(Ep).yX.c;(?@).clrcl(‘).X | A{fec x( JPru M ifd=0
0 otherwise
P iscxp( );i when g # 0
r k+1 i =
{n!(Gp)-cf, (Zp)-pX cL2(%).n\G).cf WB).X | AR (Qo)g} ifrecd(Q) =d YT Ao a1 (D) 1)
NuU {yX,clrc?(“').nl!(“}.ckH'(“) X| R:Re Jr{::lzp( )g} otherwise w=(lin(u)) ? {ui}: €
niy;).Q where: z=g(X)V fnb(Qﬂ?\ w)
N = {{e,’m!<Ep>.px.c,;?(3c‘).nl!@.e,’m!@.X | AF*1 (Q0)y} ifrecd(Q) =d +1 irzz(:;ftu(i?)?fm:l
0 otherwise !
(02D G X GO MDD X AL (Q0) e @ =0 5 i e
oo | NUKQREA@E@X] RRE T (00);) Z=900 U Fnb(Q, 35\ %)
(T 1Ep)uX . 2().n2(@).ch B X | AKFL (Q0),}  ifrecd(Q) = d +1 L= (tr(u))? f(S):i
N = k+1 k k+1 rec z i o = next(u;) - {¥1/y}
0 otherwise
N U {uX. cf?(a.(: @)X el @) | Ri|Ry:
1e TR (01)gRe € TR (02)1 ) frv(Q1)
"""""""""""""""""""" ’ y1 = ¢g(X) U fnb(Q1,
Q1102 {cF T1p) pX . 2(X).(ch, \n).X | ek, NT2)) | %; =?E\b()QU2,§n) (Q1,%)
W= BT (0 1 48 01l frecd(Q) =d - LorT
0 otherwise
N U {iX.(v3: G(O)ee?(® Tt (BX | R:Re TEL (00)g) 5=01-516(5))
ws:000 | R=TnlE)aX.(r5: G(C)e?(®) Tt () X S goD
N2 JOFGOIRT AL (Qo)g}  if recd(Qu) =d T-%5n
0 otherwise o = {5151/s5}
X 0
P J;leccxp( )Z when g = 0

mlyp-Q | mp).cf, 1EP) | pX .2 @).ch, 1B | X) | AKH(Q0)g)
)0 | n2@).cf,, 1 Eo) | iX.cp2(®) (2@l 1B | X) | AR (Qo)g)

o | B | ) K2 1) 0]
Arec i (Ql)gl | A rec g (Qz)gz}

(vs:00Q | {el, 1@Ep) | iX.(vF: G(C)ex2(®).(cl, 1B | X) | AKT(0),}

rec z

Table 5: The extension of Cf( ) and definition of J k

rec X,p
are the same as for corresponding cases when g # 0.

(P ) g (recursion extension). Side conditions for last four rows (g = 0)
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Definition C.9 (Indexed names substitutions). Let
u=(ab,s,5,5,s,rr,..)
be a finite tuple of names. We write index(u) to denote
index(@) = {{a1, 615050835 L Ja bs, s rr, . Y 10y j, ... > 0}
Definition C.10 (Relation S ). Let P{#/x} be a well-typed process and let the C-set be as in Tab. 4. We define the relation S as follows:
S ={(P{#x},R):Re C;f: (Po)
withn = fn(P) Un UX, o € index(n),
i = bn(to : C), % = bn(%o : C)}
where 7 : C.
For the convenience, we define function C~ (+) relying on CZ (- ) as follows:

Definition C.11 (Function 5__( -} ). Let P be a process, p be a name substitution, and o be an indexed name substitution. We define 55 (P)
as follows:

CZ(P1) = C (Po)
with p = {#/%}, 7, = bn(uio : C), %, = bn(Xo : C)

where 7 : C.

C.7 Operational correspondence
Lemma C.12. Given an indexed process P1{t/%}, the set C;.z (P1) is closed under  transitions on non-essential prefixes. That is, if Ry € C;? (P1)

and Ry = Ry is inferred from the actions on non-essential prefixes, then Ry € CJ’:;‘ (Pl).
SKETCH. By the induction on the structure of P; and the inspection of definition of CZ( - ) and (- ) in Tab. 4 and Tab. 5. O
LeEmMA C.13. Relation ¢ is a MST bisimulation.

SKETCH. Straightforward by the transition induction and Def. C.1. O

Lemma C.7. Assume P1{#/x} is a well-formed process and P1{# %} S Q1.

- m1)n!(v:C my) 1! {(0:G(C
(1) Whenever Py {“/5c}(vml)ifZJ 1>P2 then there exist Q2 and o, such that Q1 (VmZ)ngg( 1)>Qz where va, > U and, for a fresh t,

(vm)(Py || t &c0:C1) S (vmz)(Q2 || t &nvoy:Cy)

- ? 1?(0 —~
(2) Whenever Py {u/;c}"ii)pz then there exist Q2 and o, such that ng)Qg where vo, >< v and P2 S Qo,
(3) Whenever P1L>Pz then there exists Q2 such that Q1=T>Q2 and Py S Qo.

PROOF. By transition induction. Let p; = {#x}. By inversion of P; S Q; we know there is o7 € index(fn(P;) U & U X), such that

0 € Cgll (Pl). Then, if P — P, then we show there exists Q2 such that Q1 — Q2 and Q» € C,fzz (Pz) for some p, and for some 0'2’ we
have o2 = 0, - 01 - {"i+1/n;} with n; = subj (). First, we consider two base cases: Rules Snd and Rv. Then, we consider inductive cases:
Rules Par| and Tau. We omit inductive cases New and Res as they follow directly by the inductive hypothesis and the definition of restriction
case of CZ (- ) (Tab. 4). Finally, we separately treat cases when a process is recursive. We show two cases (Rv and Par ) emphasizing specifics
of the recursion breakdown.
(1) Case Snd. We distinguish two sub-cases: (i) P; = n!{v).P2 and (ii) P1 = n!(y).P2 with {9/ y} € p1. In both sub-cases we know there is
p2 = {#2/%,} such that
P1p1 = np1!<0>.P2p2
We have the following transition:
(Snd) o)
np!(v
Pip1 — Pap
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Letoy = o - {~"i/n} where ¢’ € ind~ex(fn(P1) y uUX) and 02 = o1 - 0 where o = next(n;). Here we take o, = o7. Further, let
ix = bn(uoy : C) and x; = bn(xoy : C) with w : C. Also, let Z = fnb(P;, x» \ w) where w = {n;} if 1in(n;) otherwise w = €. Then, in
both sub-cases, there are two possibilities for the shape of Q1, namely:

0} = (v (@) | BE (Proy))

0} = (VB )nip!(@) Tr1!Ep) | BEY (Paoa)
where vo, ><c 0. By Lem. C.12 we know that Q% LI Qf. Thus, we only consider how Qf evolves. We can infer the following:

o nip!(o)
T — Q2

where Q2 = (VCiy1)Ch1'{Zp) | Bif“ (P202). Then, we should show the following:
(P2 |lt <=co:Ci)p2 S Q2 |l t &nvoy:Cy (132)
By Tab. 4 we can see that
Q: € C** (P0) (133)
Here we remark that by construction oy = a1 - {i+1/n;}.
By Def. 4.6 and Def. C.8 we know that
Z = fnb(Py, bn(X : C) \ W) = bn(%z01 - 0 : Cz)

with %, : Cs. Similarly, we have
zp = bn(xzpp01 -0 : 52)
Further, we know there is
oy € index(fn(Pz) U iz U X7)
such that Py{¥2/%,}0y = Pg{ﬂz/)”cz}aé. Thus, by this and (133) we have that Papy S Q2. Next, by the definition we have t ¢
v:C1 St &p vpo: Cy. Thus, the goal (132) follows. This concludes Snd case.
Case Rv. Here we know P; = n?(y).P,. We know there is pp = {#2/x,} such that

P1p1 = np1?(y).P2p2

The transition is as follows:
(Rv)

?(v)
np12(y).Paps —3 Paps - {Uy}

Let 01 = o’ - {"i/n} where o’ € index(fn(P1) Un UX) and 02 = o1 - o where o = next(n;) - {¥1/y}. Further, let u = bn(uoy : 0)

and %, = bn(Xo1 : C) with 7 : C. Also, let Y= (y1,---,Y|g(s)|) and z = fnb(Pz, x.y \ w) where w = {n;} if Lin(n;) otherwise w = e.
Then, there are two possibilities for the shape of Q1, namely:

0} = (v (@) | BE (Proy))
0% = (vTrs1)nip?(§)-Tri1(Zp) | B (Pyo2)

By Lem. C.12 we know that Q% LN Qf. Thus, we only consider how Qf evolves. We can infer the following:

01"
1 2
where Q2 = (VCi1) i1 Zp - {¥U 7)) | Bif“ (P202) and voy »<c o for some o, € index(v). Now, we should show the following:
Pap2 {9y} S Q2 (134)
By Tab. 4 we can see that
Qs € C;pz.{v/g} (on’z . O'U) (135)

Here we remark that o3 - 0y = 0y - 01 - {i+1/n;}. Further, we may notice that
02 - 0y € index(fn(Py) U uz UXy)
By Def. 4.6 and Def. C.8 we have that
Z=fnb(Py,bn(X:C) -7\ W)
= bn(Xy(o1 - o) : CS)
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®)

with y : S. Similarly, we have

Zp2 - {¥/9} = bn(Xypz - (Y y}(02 - 00) : CS)
Thus, by this and (135) the goal (134) follows. This concludes Rv case (and the base cases). We remark that base cases concerning

triggers collection processes follow by Lem. C.13. Next, we consider inductive cases.
Case Par_. Here we know Py = P{ | P{’. The final rule in the inference tree is as follows:

P/ g1} — Py{i/ 5} bn(e) N fn(P)) = 0

(Parp)
~1

~7 . 7 - t ~7 . e
PH{#/ i} | P {21} — Po{te/ 4o} | P{'{%1/2:}
Let 01 € index(fn(Py) Uu U x). Further, let y = fnb(P], xx), z = fnb(P}’, xx), tx = bn(uoy : C), % = bn(Xoy : C) with @ : C, and
pn = {¥+/%,}. In sub-case (i), by the definition of S (Tab. 4), there are following possibilities for Q:

0} = (vE) (@) | BE (Prov))
OF = & (Fpm) Tert! Gpn) | B (P{or) | BEY (P]'on)
NP = {(R] | R{) : CI7" (P[on). Ry € CZ7" (P]'cn)}
By Lem. C.12 there exist
0] € C}™(P{on) (136)
oy € C" (P]'ay) (137)
such that
T T
01 = Qf = Q1 10y
Thus, in both cases we consider how Q7 | O’ evolves. By the definition of S we have
Pip1 SQ] (138)
Pl'pl S QY (139)

To apply IH we do the case analysis on the action ¢:
e Sub-case ¢ = n?(v). If v € u then we take oy, = o1, otherwise o, = {%j/v} for j > 0. Then, by applying IH to (138) we know there is

n?{0)
Qj such that 97 = Q7 and

PU ) S O (140)
where voy >4 0 and u;, = u] - 9. We should show that
Pypy | P'pl" S Q5 1 QY (141)

where p; = {#/4,} and py = {#//3,}. Let 03 = o - next(n;) such that {"i/n} € 1. Then, by (140) we know

Q5 € Cr.s, (Py) (142)
By the definition of 0, and 02 we may see that
Ap// Ap//
Co,-0,(P{) = C; (PY)
So, by (142) and (137) we have
Q; 1 Q) € Cora (P3| PY) (143)
Further, we may notice that o3 - 0, € index(fn(P; | P{") U p; U p{’). So, by this and (143) the goal (141) follows.
3
e Sub-case ¢ = 7. By applying IH to (138) we know there is Q] such that Q] = Q7 and
Pipy S Q) (144)
where p;, = {#/ §,}. We should show that
Pypy | P SQ; 1 QY (145)
By (144), we know there is gz € index(fn(P2) U p}) such that
Q; € Cs; (7))
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Further, by remark we know that either o = o - {i+1/n;} - {i+1/7;} for some n;, 7; € fn(Pyp}) and n;,7; & (P’ p;’) or o, = 01
such that

or: (P]) = o (P)

oy \* 2 oy 2

By this we have that

! ~p

2l (#f) = L1 (#)
So, we know that

Q107 €Cy (P PY)

By (144) and (137) and the definition of 7, the goal (145) follows.
Sub-case ¢ = (vmy)n!(v : C1). Here we omit details on substitutions as they are similar to the first sub-case. By applying IH to (138)

¢
we know there is Q7 such that Q] = Q) and

(vm)(Py ||t =co:Cr) S (146)
(vm2)(Qy I t =n vo1:Cr) (147)
We should show that
v (Py | P |t =c0:C1) S (148)
(vim2)(Qy | Py’ |l t =nvoy:Cy) (149)

By Def. C.10 and Tab. 4 from (146) we can infer the following:
Py{/i} S Q) (150)
So, by (139) and (150) the goal (148) follows.
This concludes Par| case.
(4) Case Tau. Here we know P; = Pl’ | Pl”. Without the loss of generality, we assume £; = (vm1)n;!{v1) and £2 = n;?(v;). Let pi = {@/§)}
and p]’ = {#{/z} such that
Pipy =Pipy | P{'py
Then, the final rule in the inference tree is as follows:

£ £,
- P!p] — P}p} P!'pl" = Py p} 0= b
au

Pipi | P{'p} = (viim) (Pypy | PY'p})

Let 01, U, Z, Ux, X, and pp be defined as in the previous case. Further, Q; can have shapes: Q%, Qf, and Nl3 as in the previous case. As
in the previous case, we know that there are

0] € CJ™(P{o1) (151)
Qf e C;" (P o) (152)
such that
T T
0= Q= 0110/
Thus, in both cases we consider how Q7 | O’ evolves. By the definition of S we have
Pip1SQ] (153)
PYpy S QY (154)
We apply IH component-wise:

(vmz)n;!(0)

e By applying IH to (153) we know there is Q) such that Q] = " Qj and

(vm)(Py ||t <co:Cr)py S (155)
(vm2)(Q5 || t &nvoy:Cr) (156)
where voy b 0.
e By applying IH to (154) we know there is Q}’ such that Q7 ng ) Q} and
Pypy S Q) (157)

46



Minimal Session Types for the z-calculus

Now, by (155) we can infer:
Pypy S Q;
By this we know there is o7 € index(fn(P;) U p;) such that
Ap,
Q; € C,7 (Py)
Moreover, we know that it must be o; C oy - next(7;). So, we have

Ap'
Qé € Ca'lz‘next(ﬁi) (Pé)

Similarly, there is o € index(fn(P,") U ps/) and o7’ C a7 - next(7;), so we have the following

Qé/ sz

o1 -next(n; )( N)

So, we have

)10y €% (P51 Py)

o1 -next(n;) -next(n;)

By definition of Def. C.9, there is o2 € index(fn(P; | P;") U pj U ps/) such that o2 C oy - next(n;) - next(n;). That is, we know

CoePi (py | Yy = G2 P% (P 1 PY)

o1 -next(n;) -next(n;)
Thus, we can conclude
(vm1)(Py | Py)py - py S (vimz)(Q3 | Q3)
This concludes Tau case.

Recursion cases Now, we consider cases where P| = uX.P] is a parallel component of P1. We focus on cases that highlight specifics of
the breakdown of recursive processes and omit details that are similar to the corresponding non-recursive cases.

(1) Case Rv. Here we know Py = n?(y).P; such that P; = pX.Py. Let
Pl1 =0g.00 1. ... ag—p-(Px | R)

where R and Py are some processes, Px contains X and ag = n?(y). As P; is a recursive process, we know that there is zX.P* such
that Pl1 is its sub-processes and

Py = P{{pX-P"/x}
Here we can distinguish two sub-cases: (i) p > 0 and (ii) p = 0 and R # 0. We know there is pz = {#2/%;} such that

P1p1 = np1?(y).P2p2

The transition is as follows:

(Rv) )
" n?(v
PHHXPX} — Papy - {9y}
Let o1 = o’ -{™i/n} where o’ € index(fn(P;) U UX) and 0 = 01 - 6 where o = next(n;) - {¥1/y}. Further, let 4; = bn(o; : C) and
Xx = bn(Xoy : C) with 7 : C. Also, let y=(y1-...Y|g(s)|) and z = fnb(Py, x.y \ w) where w = {n;} if 1in(n;) otherwise w = €.

We could see that d = recd(ag, @g—1, - - -, a1.4X.P{). So, by Tab. 5 there are following possibilities for the shape of Q1, namely elements
in N defined as:

N={(veO)R:ReC*

rec Xy,p

(ux.P*)%y
Let
0l = (VOB | n2(¥).cl 1 @p).puX cp?(X).n?(§)-cf, NB X | AR (g, aq-1.Pio)g
where By is, intuitively, trios mimicking prefixes before ay; and Pl2 is such that P] = ad-ad—1~P1- By unfolding definition of
ct (pX.P*)d we have that Q1 € N. Further, if R € C* (,LIX.P*)d then R = Q} So, we only analyze how Q% evolves.

rec Xy,p rec X.,p
We can infer the following:

1 nip?(0)
1 T K2

where
Q2 = By | T, 1B - (1 91) X2 @2 (@], 1B X | AKEL (g 1. PRo)g
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with voy »<c v for some o, € index(v). Now, we should show that
Pap2 - {9y} S Q2 (158)

Let &, = Zpy - {9/ §}. In sub-case (i) we should show that Q € CZZ:’Z (ad,l.Plz). So, we should show that
Uy ; P* d-1
Q2 € Crec 2,p2~{v/g}( )g

(P*)d_l. That is, we can notice that

This follows by the inspection of definition J ko g

rec £,02-{/§)

Q;=Bi|B:

where By € Jk .
2 rec Z,p2-{Y y}
In sub-case (ii) we know Py = ay_; .Pl2 | R. Now, by Tab. 5 we have Q; SLIN Q% where

Q% =(vo)n | C]';+1+1!<azz> | V2

(ad_l.Plza)j_l as(d-1)+1= recd(ad.ad_l.Plza). So, (158) follows. This concludes sub-case (i).

where

Vi =B1 | pX.c; 2(%).n?(y).cp, 2. X | e, Wz, )Xo 2(X).(ep,  1=1) X | €y 1(22))
vy :Ak+1 (PX)gl | Ak+l+1 (R)Q)

rec z; rec z

Now, we should show that Q2 € C?z (g—1-P? | R). By Tab. 5 we have that

ﬁz ﬁz ~z

{Ri|R:RieC, (tg-1.P?), Ry € C. (R)} € CY*(ag-1.P} | R) (159)

Further, we know that

— —~ iy
(VChrts1) oy M) | ASEEL (R)g € CL 7% (R) (160)
and
ﬁz

VilV2eCos (atg_1.P?) (161)

Thus, by (159), (160), and (161) we have the following:

Vi | Vo | (VEat)Chy g i) | AR (R) g € €Y% (ag_1.PF | R)

rec z

Ak+l .

Now, we can notice that x4y N fpn(V1) = 0 and Cxpp4q N fpn(AFT 3

(Px)g,) = 0. Further, we have

=~ k+1+1 C
(vCra141)Arce %5 (Rjo =~ 0

(where ~C is defined in Definition 18 [9]) as first shared trigger cj.,;,1 in the breakdown of R is restricted so it could not get activated.
Thus, we have

Q3 = Vi | Vo | (VEjertan)Cppp () | ARZE (R)g

This concludes Rv case. Now, we consider the inductive case.
Case Par|. Here we know Py = P] | P’. Similarly to the previous case, let

1
Pl =0q.Qg_q1----- ad—p-(PX | R)
We assume P] is a recursive process. So, we know there is X .P* such that Pl1 is its subprocess and
P] = P{{pX-P"/x}

Here, we can distinguish two sub-cases: (i) P;” = R and (ii) P;" # R. Here, we consider sub-case (i) as it is an interesting case. The
sub-case (ii) is similar to the corresponding case of non-recursive process. As in the previous case, we can further distinguish cases in
which p = 0 and p > 0. We consider p = 0 and ¢ = n?(v).

The final rule in the inference tree is as follows:

P{{#/§:} 5 Py {th/go} | R{™/2,} - {g/vn} bn(f) N fn(P{) =0

P g} | R{E 21} — Py{E5/ 2} | RUE 2} | ROW/Z ) - (k)
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Let o1 € index(fn(P;) U@ UX). Further, let §.; = fnb(P{, %), Zz1 = fnb(R %), & = bn(@oy : C) where %, = bn(¥oy : C) with % : C,
and pp = {¥/%,}. By the definition of S (Tab. 5), there are following possibilities for Q1:
0! =(va) @) | BK (Pio))
Of =(va)elit)) (i) | BY (Plo1) | BE (Ron)
3 ’ 7 U % d 1 u.”
Ny ={(R] | R{) :Creczg*l(”X'P al)g, R € Ciﬂ1 (Ro1)}

By Lem. C.12 there exist

i d
Q; € Crec2 it (yX.P*al)g (162)
Qe CZT (Ra1) (163)

such that
1_ % 2 5 17
0, =07=0:10;
The interesting case is to consider a process Qf defined as:

Q} =(vOV1 | )y, 1Guia ) | V2

where

Vi = By | o, M g)pX el 2 (o) (G K2 X | Sy Er2)

vy :Ak+1 (PX)g1 |Ak+l+1 (R{‘X’Z/iz})(o

rec i, rec Wi

We have Q? ~C Q1107 (=* is defined in Definition 18 [9]). We may notice that Q? can be a descendent of the recursive process
(following the similar reasoning as in the previous case). So, we consider how Q? evolves. As in the corresponding case of non-recursive
processes, we do the case analysis on ¢. If v € u then we take o, = 01, otherwise o, = {¥j/v} for j > 0. Now, we could see that

n?(0)
0 =0

where
Q2 = (VOVA | €L, g Xl 2 ) (L g X | gy M) | ey M) | Ve

We define Q% as follows
Q3 = (VOVI | ef, W) pX e 2(Fuy)-(cf T X | €y Ze1)) | V2 |
(Va) (e ME]Y | AN, 2 (R)o) | VT (M) | AN . (REW/2))0)

By definition, we could see that Q; € Cg*lz (P | R | R{%1/2}). Now, by the definition of A7, _(- )¢ we have

~ ~ k+l+1 C
clr<+l+1!<u*;,> | CIr<+l+1!<u*;?> | Ar:c-‘-z;1 (R)0 ~
(VE (M) | Afe 2 (R)0) | (VB MaR) | AK,  (RIW/21})o

As each trio in A{f;’égﬂ (R) ¢ makes a replica of itself when triggered along a propagator. So, finally we have

02~ Q;
This concludes the proof.

Lemma C.8. Assume P1{%x} is a well-formed process and P1{#/x} S Q1.

(vmp)ii! (:G(C1)) (vmp)n!(o:Cy)
— —

(1) Whenever Q1 Qo then there exist Py and o, such that P1{%x}

(vm)(P2 | t =cv:C1) S (vim)(Q2 || t &nvoy:Cr)

P, where vo, > U and, for a fresh t,

o ) ’
(2) Whenever an'—(UgQg then there exist P> and o, such that Pl{”/fc}ni)))Pz where vay >0 and P2 S Q,
(3) Whenever Ql—T>Qz either (i) P1{W/x} S Qo or (ii) there exists P such that P1—T>P2 and P, S Q.
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SkeTcH. Following Parrow, we refer to prefixes corresponding to prefixes of the original process as essential prefixes. We remark that a
prefix in D (P) is non-essential if and only if is a prefix on a propagator name. First, we discuss case when transition is inferred without any
actions from essential prefixes. In this case we know that an action can only involve propagator prefixes and by inspection of definition of
C)’C} (P1) that ¢ = 7. This concerns the sub-case (i) of Part 3 and it directly follows by Lem. C.12.

Now, assume Q1 L Q2 when ¢ involves essential prefixes. This concerns Part 1, Part 2, and sub-case (ii) of Part 3. This case is mainly the
inverse of the proof of Lem. C.7. As Parrow, here we note that an essential prefix is unguarded in Q; if and only if it is unguarded in P;. That
is, by inspection of the definition, function C)’; (P1) does not unguard essential prefixes of P; that its members mimic (the propagators serve
as guards).

O

THEOREM 5 (OPERATIONAL CORRESPONDENCE). Let P be a r process such that I'1; A1 + P1. We have
T AFP M HY (D) H (A) - F7(P)

Proor. By Lem. C.7 and Lem. C.8 we know & is a MST bisimulation. So, we need to show (P, Z’—* (P)) € S.Let Py be such that~P1{f/5c} =P
where 7 = rn(P). Further, let 0 = [Jye7{%1/0}, so we have o € index(r). Then, let 7 = bn(7 : S) and x, = bn(x : S) where 7 : S. Therefore,
by Def. 4.8 and Tab. 4 we have ¥*(P) € C;* (P1). Finally, by Def. C.10 we have (P, 7*(P)) € S.

O
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